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Abstract

The analysis of high-temperature spin dynamics is of practical importance for
the development of quantum technologies based on the manipulation of nuclear
spins in solids by the techniques of Nuclear Magnetic Resonance (NMR).

In this thesis, we develop a hybrid quantum-classical method for first-principles
calculations of high- temperature spin dynamics. The method is based on dividing
the lattice of quantum spins into a central quantum cluster and an environment,
with the latter being approximated by classical spins. The quantum cluster and
the classical environment interact by exerting effective magnetic fields on each
other.

In order to test the method, we apply it to the calculations of Free Induction
Decay (FID) in the context of NMR. Method’s predictions are compared with
directly computed FIDs for various one- and two- dimensional models, and with
experimentally measured FIDs for real materials, such as CaF,, 2°Si-enriched sil-
icon and calcium fluorapatite Ca;o(POy)gFs. In almost all cases considered, the

excellent performance of the hybrid method is observed.
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Chapter 1

Spin-spin relaxation in Nuclear

Magnetic Resonance

1.1 Introduction

The subject of this thesis is the relaxation in lattices of interacting quantum spins
in the limit of infinite temperature. The study of this particular class of problems
is largely motivated by the task of first-principles calculation of the Free Induction
Decay (FID) in solids in the context of Nuclear Magnetic Resonance (NMR). Aside
from this narrowly focused context, however, the choice of this particular setup
is also dictated by a few theoretical considerations of a general character. First,
the problem is representative of a much broader class of non-perturbative non-
equilibrium phenomena in the regime of strong dynamical correlations. Therefore,
a new method for solving the NMR FID problem is likely to have applications
to other settings. Secondly, spin systems are simpler than the ones containing
translational degrees of freedom, because Hilbert spaces of the constituent spins,
as well as that of the whole system, are finite, which makes them more amenable
to numerical simulations.

Interacting spins on a regular lattice typically exhibit non-Markovian dynam-
ics, because there is no clear separation of time-scales: dynamics of macroscopic
observables takes place on the same characteristic time-scale as the motion of in-
dividual spins. As a consequence, the analytical solutions are available only for a
handful of integrable cases. Despite the finiteness of Hilbert space, the direct nu-
merical approach is not fruitful either, because the required computing resources
scale exponentially with the number of spins, which strongly limits the size of a
system amenable to direct treatment. It is, certainly, a limitation, because we
are interested in lattices large enough, so that finite size effects can be neglected.

In light of these facts, the development of new efficient approximate numerical
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methods gains prominent importance.

Determination of the FID shape in solids is a very well defined problem in the
context of NMR. The existing theory allows reliable determination of the coupling
constants between nuclear spins as well as their interaction with external magnetic
fields. The task of first-principles FID calculations is to obtain the FID shape given
the particular set of coupling constants. In a typical NMR experiment, the largest
energy scale is determined by the temperature. The energy of Zeeman coupling
with the external magnetic field and the energy of inter-nuclear couplings are much
smaller. As a result, our interest in this type of problems naturally leads us to
consider the infinite temperature limit. It should be also noted that the limit of
infinite temperature is interesting in its own right from the theoretical point of
view: the equilibrium correlations are nonexistent in this case, yet the dynamical

correlations are highly non-trivial due to their non-Markovian character.

1.2 Basics of NMR

In this Section, I briefly discuss the basics of NMR. A detailed account of the
theory can be found in the NMR textbooks, e.g., [1] and [2].

Here and mostly throughout the thesis, I will use the convention that reduced
Planck constant A is equal to 1. The care is only required when comparing the
results of simulations with experimental data: in this case, one needs to keep track

of h explicitly.

1.2.1 Non-interacting spins in external magnetic field

The Hamiltonian of a free quantum spin in external magnetic field B is
H=-—S" B, (1.1)

where 7 is the gyromagnetic ratio and S = (5%, SY, 5%) is a vector of spin projec-

tion operators. With the help of the spin commutation relations
— 0[S, 5% = eapy - 97, (1.2)
one is able to derive the equations of motion in Heisenberg representation:
S=—i[S,H]=+S x B. (1.3)

The classical counterpart of this system is described by a classical vector of

angular momentum s = (s%, s¥, s*) with associated magnetic momentum ~s. Sim-
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ilarly to the quantum case, the Hamiltonian takes the form
H=—-vs-B, (1.4)
and the equations of motion can be derived with the use of Poisson brackets |3, 4]
{sa,sﬁ}P = . (1.5)
from which it follows that
s$={s,H}, =vsx B. (1.6)

If we take the quantum average of equation (1.3) with respect to some quantum
state, we get precisely the classical equation (1.6), provided we identify compo-
nents of vector s with quantum expectation values of spin projections. Thus, as
far as the dynamics of a single spin in an external magnetic field is concerned, we
can use the classical picture. The motion of a spin is the precession around the
direction of the external magnetic field with Larmor frequency €2 = —vB. Here,
the negative sign of the frequency corresponds to the counter-clockwise precession
around the direction of the external magnetic field.

Let us now consider a spin in a static magnetic field By, whose direction we
choose as the z-axis. Let us also apply a transverse magnetic field B, rotating
with angular frequency w. We identify its initial direction with the x-axis. The

full external magnetic field is
B = B, (& coswt + ysinwt) + ByZ. (1.7)

It is convenient to switch to a reference frame rotating together with the transverse
field B, . If we assume that the z- and the y-axes of the laboratory and the rotating
frames coincide at t = 0, then the precession of the spin in the rotating frame is

determined by the effective magnetic field of the form
N Wy
B,. =B, + (Bg + —) z. (1.8)
Y

The expression for the z-component of B, can be easily understood from the
following argument. Let us assume that there is no transverse field and switch to
the reference frame rotating with angular velocity wz. In the new frame, the spin
precesses with the angular velocity (€2 — w), which is produced by the effective
magnetic field (2 —w)/(—7) - 2.

If the resonance condition w = €1 is fulfilled, the z-component of B, is absent.
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Hence, the spin precesses around the z-axis. If initially it was aligned with the
static field By, then even a small resonant transverse field can produce large
deviations in the direction of the spin.

NMR experiments usually use linearly polarized oscillating transverse field of
amplitude much smaller than Bj, which is equivalent to the superposition of two
rotating fields with angular frequencies w and —w. If one of the components
fulfills the resonance condition, the other one may be neglected, since it is far
from resonance and, hence, its effect is small.

From the point of view of Quantum Mechanics, the resonant oscillating field
induces transitions between adjacent energy levels. Provided we have the thermal
distribution of occupancies, the net redistribution caused by transitions will in-
crease the energy, meaning, the system will strongly absorb the energy pumped by
the oscillating field. When an absorption spectrum of a spin system is measured,
the peak centered on the Larmor frequency is observed. If different nuclear species
with different gyromagnetic ratios are present, several peaks are observed, and the
relative concentrations of different species can be determined by comparing the
heights of the peaks.

1.2.2 Interactions

In reality, nuclear spins interact also with the fluctuating magnetic fields produced
by the spins themselves and by other degrees of freedom of the solid, which include
electrons and phonons'. These interactions cause the finite width of absorption
peaks.

The strongest interactions are with other nuclei and with electrons. In the
case of electrons, we should distinguish the electrons of ionic cores and chemical
bonds and conduction electrons. The common effect of both the conduction and
the core electrons is the adjustment of local static fields sensed by nuclei. This
adjustment is due to the magnetic susceptibility of electrons, and it leads to the
shift of Larmor frequency. Depending on whether this effect is produced by the
conduction electrons or the core electrons, it is called “Knight shift” or “Chemical
shift” respectively. Additionally, the conduction electrons contribute to the energy
relaxation of the nuclear subsystem and serve as the mediators for the transferred
hyperfine coupling between the nuclear spins.

The interaction of the nuclear spins with phonons also contributes to the energy

relaxation of the nuclear subsystem.

IElectrons and phonons interact between each other themselves. As a consequence, it is more
correct to think in terms of the dressed quasiparticles corresponding to electrons and phonons.
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Typical hierarchy of energy scales in solid-state NMR experiments is
B> Q> Ty > T (1.9)

where T} is the time-scale characterizing the energy relaxation of the nuclear sub-
system, T is the time-scale characterizing the dephasing of the nuclear subsystem
due to the spin-spin interactions? and 8 = 1/(kpT) is the inverse temperature.
Here, T is the temperature of the solid, and kg is the Boltzmann constant. Since
we are interested in the dynamics on the time-scale T5, we can safely neglect the
effects of energy relaxation.

In this thesis, we consider FID calculations for non-magnetic dielectrics®, thus
the effects of transferred hyperfine coupling may be neglected. Also, we focus on
spins 1/2.

The relevant type of interactions for us is magnetic dipolar interactions between
nuclear spins. The whole Hamiltonian including the Zeeman term then takes the
form

(Si - 7i;)(S) - Ti5)

2 )

(1.10)

i<j Y

where ¢ are the lattice indices, r;; = 7; — r; are radius-vectors connecting differ-
ent lattice sites and v; are fundamental nuclear gyromagnetic ratios*. The local
static fields B; take into account the adjustments due to the magnetic response

of surrounding electrons.

1.2.3 Free Induction Decay

Let us assume that all the nuclei are the same and have equivalent chemical envi-
ronments as happens in some simple solids. A Free Induction Decay experiment is
arranged in the following manner. A sample is placed into a large static external
magnetic field By, the direction of which we identify with the z-axis. As a result,

the sample gains a net macroscopic magnetization M along the field. A short

2Since the energy is dominated by the Zeeman term, T} corresponds to the relaxation of the
longitudinal component of magnetization. At the same time, Ty corresponds to the relaxation
of the transversal component of magnetization.

3Isotopically enriched 2°Si silicon, which we consider in Section 5.2, is a semiconductor.
However, the concentration of charge carriers at temperatures of the experiment is low, which,
for our purposes, makes this material similar to a dielectric.

4Sometimes, the shielding of the static magnetic field is absorbed into the definition of v in
the NMR literature. The resulting effective gyromagnetic ratios are convenient to use if one is
concerned only with the positions of the absorption peaks. Since, as explained in the following
subsections, the FID signal characterizes the form of the absorption peak, the position of the peak
is irrelevant. Thus, everywhere in the thesis, we understand by  the fundamental gyromagnetic
ratio which is an intrinsic characteristic of the nuclei under consideration.
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resonant pulse now rotates the magnetization by 7/2 with respect to the y-axis ,
so that it now lies in the xy-plane. Let us identify the z-axis with the direction of
magnetization just after the pulse. The total magnetic field experienced by each
spin is the sum of the static external field and the fluctuating fields produced by
other spins. As a consequence, the macroscopic magnetization will precess with
Larmor frequency around the direction of the static field, but its amplitude will

decay due to the dephasing by the fields fluctuating in space in time:
M (t) = M(t) - (ZcosQt + §sin Qt), (1.11)

where M, (t) is a decaying function of time characterized by the timescale T5. The
function of M,(t) is referred to as the “free induction decay” or FID.

The rotation of transverse magnetization is detected by a coil. Without the
loss of generality, let us assume that the coil axis coincides with the x-axis. The
voltage induced in the coil is proportional to the derivative of the x-component of

the magnetization:
V(t) o< My(t) ~ QM,(t) sin Qt, (1.12)

where we have used the fact that M,/M, ~ 1/T, < Q. Comparing Eq. (1.12)
with Eq. (1.11), we see that the envelope of the detected voltage signal gives us
the relaxation M, (t) of magnetization in the reference frame rotating with Larmor
frequency.

Let us discuss each of the above steps more thoroughly. The Hamiltonian of

the system is

H = Ho + Haip, (1.13)
where
Ho=—7By Y _ S, (1.14)
and 2 (S, 7)(S, 1)
Hdip = Z T‘_2 {SZ : Sj -3 ]7“24 ! ! ] . (1‘15)
i<j 'Y i

Let us also introduce operators of the total spin polarization along each of the

axes:

Mo =5 (1.16)

We will call it “magnetization” The density matrix prior to the application of the

°The real definition of magnetization requires Eq. (1.16) to be multiplied by the factor 7,
which we chose to omit. It is completely safe to do so unless there are several spin species with
different gyromagnetic ratios present.
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pulse is

1 1 1. BB
Peg = € Bsz[l—BHO]:ZlnL% 2 (1.17)

where Z is the partition function. The expansion of the exponent and the omission
of the dipole-dipole part of the Hamiltonian is justified by the hierarchy of energy
scales (see Eq. (1.9)). After the pulse, M, is rotated into M, so that the density

matrix acquires the form

_ L1, BB
p(0) = 21+ LM, (1.18)

where we identified the moment just after the pulse with ¢t = 0. The average value

of the x-component of magnetization at time ¢ is then
M,(t) = Tr [e™ M,e " p(0)]. (1.19)

When we substitute Eq. (1.18) here, only the term proportional to M, leads to a
non-vanishing contribution because Tr [e" M, e~ "] = Tr[M,] = 0. Thus, the

average value of magnetization is proportional to an auto-correlation function:
M, (t) o< Tr [e" Me M M,]. (1.20)

To analyze this expression further, it is useful to switch to an interaction rep-
resentation with respect to the Zeeman part Hy of the Hamiltonian. For the
homo-nuclear case, it is equivalent to switching to the reference frame rotating
with the Larmor frequency. Let us introduce the operator of the time evolution

in the interaction representation:
U(t) = e et (1.21)

U(t) = e Mi(Hy — H)e™ot = —itde™ ™M1 g0 = —ild () Haip(t).  (1.22)

(Note that the order of operators is different from the way it is usually done for
the interaction representation. The idea and the derivation is similar, however.)
Using operator & and the invariance of trace under the cyclic permutations of

operators, one can rewrite the Eq. (1.20) in the form

Tr [eM Mye ™M M, ] = Tr [e™UT ) MUE)e M, =
= Tr [UT(t) M U(t)e Mo M e™o']. (1.23)

The commutation relations for magnetization operators M, are the same as for

the single spin operators, hence e 0! M eiHot = =9 OMt AL I OM:t — A cos Ot
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M, sin Qt. When H g, is transformed into 7:[dz-p(t), the terms of H4;, which do not

commute with H, acquire factors oscillating with frequencies which are multiples

of Q. Since we are interested in the dynamics on the time-scale 75 > 1/Q, we can
neglect these rapidly oscillating terms while solving Eq. (1.22). As a consequence,

the operator U can be approximated as
U ~ ¢ Mat, (1.24)

where H;, is the part of H4;, commuting with H,. Its explicit form is the following
[5], [1, chapter 4]:

2 2

, Y1 =3co50ij) | coee 1, omwon
iy = > ( = ) {Si 87— (8757 + S?Sj.’)} . (1.25)
i<j v

Substituting it into Eq. (1.23), we get

Ty [ethMxefi’Hth} —
=Tr [eméipt/\/lme*méipt./\/lx] cos Qt + Tr [eméipt/\/lxe*méipt/\/ly] sin Q¢ (1.26)

The second correlator is equal to zero. It is easy to see if we apply a unitary trans-
formation corresponding to a rotation by m along the x-axis: operators M., Hj;,
and the trace itself do not change, but M, acquires a negative sign. Finally, we
get that

M, (t) oc Tr |e™Mant M e~ HMant M, | cos Q. (1.27)

By comparing it with Eq. (1.11), we see that the envelope of the signal detected
in a FID experiment is proportional to the auto-correlation function of transverse

magnetization in the reference frame rotating with Larmor frequency:
M,(t) & C(t) = Tr [emaipwxe—%pwx] . (1.28)

The FID is intimately linked to the line-shape function f(u) of the absorption
spectrum in the vicinity of the Larmor frequency. If we center the function on the
position of the peak, so that u = 0 corresponds to the Larmor frequency, then the
line shape is given by the Fourier transform of the correlation function C(t) [6], [1,

Chapter 4]:
+oo

flu)y=A- / dtC(t) cos ut, (1.29)
0
where A is a normalization constant. Intuitively, it is an expected result, because

C(t) is a response to a quench perturbation of the system, which excites all the
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frequencies in a broad window around the resonant one. Conversely, the inverse

transform is

C(t) = % : / du f(u) cos ut. (1.30)

1.2.4 Unlike Spins

Let us now consider FID for the case of two types of nuclei with different gy-
romagnetic ratios present in the system. A pair of nuclear spins with different
gyromagnetic ratios are referred in the NMR literature as “unlike spins”. We de-
note by S the spin projection operators for the first group and by I — the spin
projection operators for the second group of nuclei. Let us also assume that the
respective Larmor frequencies €2¢ and 2; of S and I nuclei are well separated,
i.e. their difference is much smaller than 1/7,. By tuning the pulse frequency in
resonance with either of the Larmor frequencies, it is possible to observe the FID
of either of the groups of nuclei. We will focus on the FID of S spins. Here we
elaborate the adjustments to the theory that should be made in order to take into
account the presence of unlike spins (see also |1, Chapter 4.3]). The treatment
of unlike spins is important for the calculations of FID in calcium fluorapatite in
Section 5.3.
The full Hamiltonian of the system takes the form

H = Ho + Haip, (1.31)
MHo=—vsB> S;—uB> I}, (1.32)
i k
Haip = Hss + Hsr + Hir, (1.33)
2
: (St 1) (S, - 7)
HSS g Z T_QS |:‘S'Z . S] - 3 Jr.2. J d 9 (134)
<y Y vJ
2 I -riy)(I; - r
H; = 27_21 |:Ik I — 3( k kl>2( ! kl)‘| ’ (1.35)
el |kl ki
Si i I - T
Hor =y 5 {Si 1, — 3! ’“22( ¢ ’“q , (1.36)

where g and ~; are the gyromagnetic ratios of S and I nuclei respectively. The
7 /2 pulse rotates magnetization only of the S nuclei, so that just after the pulse
the density matrix takes the form

1 pvsB

-1
p(0) 71+t —

BB
A

ME + ML (1.37)
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where we have defined
ME=N"sr ML= (1.38)
i k
The average value of z-component of total spin polarization at time ¢ is®
M, (t) & Go(t) = Tt [emt (Mf + ﬂM;) oMt (Mi + ﬂMgﬂ . (1.39)
Vs s

By analogy with the case of a homo-nuclear system, we introduce the interaction
representation with respect to the Zeeman part #H, of the Hamiltonian (see Eqs.
(1.21), (1.22) and (1.23)):

U(t) = e~ HleiHot (1.40)

Ut) = e Mi(Hy — H)eMo! = —itde™™ M0 g e™00 = —itd () Haip(t).  (1.41)

Substituting this definition into Eq. (1.39) and using the invariance of the trace

with respect to the cyclic permutations of the operators, we get

Go(t) = Tr [u* (Mﬁ + l/\/lfc) Ue ot (Mﬁ + ﬂ/\/tﬁ) e”‘ot} : (1.42)

Vs Vs
As in the previous Section, the same arguments about the averaging out of the fast
oscillating terms of the dipolar-dipolar part Haq,(t) = Hes(t) + Her(t) + Hyr(t) of
the Hamiltonian in the interaction representation can be applied. Therefore, the

operator U can be approximated with a good accuracy by

U = e Mat, (1.43)
where
Hyp = His + Hor +Hip, (1.44)
Mg = ; 050 _fgosz%) {Sij - %(st;.f + ngsg/)} , (1.45)
Hir=) 1 = 33C0828’“’) {szf - %(I;flf + I,fo’)] , (1.46)
k<l Tkl
by = 32 B g (147

The justification of the approximation is completely analogous to the case of a

6Since we omitted the gyromagnetic ratio from the definition of magentization, if the mag-
netizations of different types of spins appear in one equation, we need to rescale one of the
contributions by the ratio of gyromagnetic ratios.

10
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homo-nuclear system with the exception of 7:151(15) part of the dipolar-dipolar
interaction. Non-secular terms oscillate with frequencies (2g & €); in this case. As
a consequence, for our arguments to be valid, we need to require |Qg £ Q| to be
much larger than the energy scale 1/7T5 of the spin-spin interactions.

With the use of this approximation, the Eq. (1.39) is rewritten in the form
Gy (t) =
Tr {eméipt <Mf + ﬂ/\/li) e~ Mt (Mf cos Qgt + MS sin Qgt + ﬂ/\/li)} :
Vs

Vs
(1.48)

Let us denote A(t)B = Tr [ ain! Ae~ Mt B] The Eq. (1.48) contains six different

correlators:

L MS@OMS, 2. MS(OMS, 3. MS(HM],

(1.49)
4. MIOMS, 5. MI(MS, 6. MI{ML

For each of the correlators except for the first one it is possible to specify a unitary
transformation which changes only the sign of the second M operator and, hence,
the sign of the correlator itself. In particular: rotation of S spins by 7 around the 2-
axis changes the signs of the third, the fourth and the fifth correlators; rotation of I
spins by 7 around the z-axis changes the sign of the sixth correlator; simultaneous
rotation of S and I spins by 7 around the x-axis changes the sign of the second
correlator. Since the trace is invariant with respect to unitary transformations, all
the correlators except for the first one are equal to zero.

As a result,
G.(t) ="Tr [em:ﬂpt/\/lfe*méipt./\/lf} cos Qgt. (1.50)
The envelope of the signal is proportional to the coefficient of cos Q2gt:
M,(t) x Cy(t) = Tr [eméapthe*méthf]. (1.51)

As in the the homo-nuclear case, the FID is determined by the auto-correlation
function of the total magnetization of the nuclear species responding to the 7/2
pulse. At the same time, there is an additional dephasing due to the interactions

with unlike spins.

11
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1.3 Theoretical setting

In this thesis, we consider lattices of quantum spins 1/2 with translationally in-
variant Hamiltonians of the general form:

H=> Jnsesy,  ae{syz}, (1.52)

irj
a,i<j

where S is the operator of spin projection on axis « for the i-th lattice site, and
Ji; are the coupling constants. In principle, it is possible to consider interaction
terms with couplings between different projections of spins, which is the case, for
example, for the full magnetic dipole-dipole interaction (see Eq. 1.15). Never-
theless, the form of the Hamiltonian described in Eq. (1.52) is sufficient for our
goals, largely focused around the problem of FID calculations, since the truncated
dipole-dipole interactions H;, both in homo- and hetero-nuclear cases (Egs. (1.25)
and (1.44) respectively) belong to the general class of interactions described by
Eq. (1.52). At the same time, it is worth noting that the results of the thesis can
be naturally extended to an even more general class of Hamiltonians.

Our considerations are equally true for Bravais lattices and for lattices with
non-trivial unit cells (see |7, Chapter 4] for definitions). Additionally, we apply
periodic boundary conditions in order to preserve the translational invariance.

Similar to the free spin case, one can use extended commutation relations

(1.53)

1)

—i[58,87] =01 capy - ST

to obtain the equations of motion for the spin projection operators in the Heisen-

berg representation:

where

JE. 8

LZVAR)

he=-Y"| JvsY (1.55)

. . b
i\ Tz
is the operator of the local magnetic field acting on spin 1.
The quantities of our interest are time auto-correlation functions of the total

spin polarization M, = ). S¢

1
Ca(t) = Ma(t)Ma(0)) = 5 Tr [Ma(t) Ma(0)], (1.56)

where (...) denotes the averaging over the infinite temperature equilibrium state,

which is equivalent to taking a trace, and D is the dimensionality of the Hilbert
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space.
In general, C,(t) decays on the fastest microscopic timescale of the system

h2°

characterized by the inverse root-mean-squared value of local fields given by

Eq. (1.55) experienced by each spin (see Eq. (2.27)):

-1/2
<Z JEH(ST2) + JEA(SY?) + JZ2<SZQ)> . (1.57)

As a consequence, it is impossible to apply the approximations based on the sep-
aration of time-scales.

In order to correctly reproduce the properties of macroscopic systems, we need
to consider the lattices large enough, so that the finite size effects are not impor-
tant. At the same time, direct numerical calculation of C,(t) for large lattice sizes
is not feasible due to the exponentially large Hilbert spaces involved.

The infinite-temperature auto-correlation functions has an important property
of being the even functions of time: C,(t) = C,(—t). For the correlation func-
tions given by Eq. (1.56), it follows from the invariance of the trace under cyclic

permutations of operators:

Tr [Mo(t)Mo(0)] = Tr [emt./\/lae_mt/\/la] =Tr [/\/lae_mt/\/laemt] =
= Tr [Ma(0)Ma(=1)] = Tr [Ma(=t)Ma(0)]. (1.58)

Additionally, we can use the translational invariance of the system to recast the
auto-correlation functions (1.56) in the form, which makes the spatial structure
of the correlations easier to understand. Indeed, it follows from translational

invariance that

(Ma(OHMa(0)) = Y (SF(OMa(0) = Neans - Y (SPHIMa(0)),  (1.59)

[ i€unit cell

where N 18 the number of unit cells the lattice is comprised of, and the last
summation goes over the lattice sites of some arbitrary unit cell. Moreover, if the
unit cell is trivial or all the lattice sites in a unit cell are equivalent (transformed
into each other by discrete symmetries of the lattice), then we can omit the sum
over a unit cell in Eq. (1.59) completely, so that a spin is correlated with the rest
of the lattice (Nceps should be replaced by the number of lattice spins N in this

case). More generally, if we consider a set of lattice sites @ which consists of

13



CHAPTER 1. SPIN-SPIN RELAXATION IN NUCLEAR MAGNETIC

RESONANCE
arbitrary full unit cells and has Ny spins, then we can write
Co(t) = N (M., (£)M4(0)) M, =) s (1.60)
« NQ/ « o ) « i .

€Q’

Analogously, if the unit cell is trivial or all the lattice sites in a basis cell are

equivalent, we can choose Q' to be an arbitrary set of N;, lattice spins.

1.4 Literature overview

1.4.1 Analytical approaches

The problem of the NMR FID calculations from first principles, or, equivalently,
the problem of the line-shape of the NMR absorption peak has a long history.

The first theoretical description of NMR relaxation was given by Bloch in 1946
[8]. Bloch phenomenologically introduced two exponential relaxation processes
with respective time constants T} and T,. The former was the relaxation of the
longitudinal component of magnetization due to thermal agitation. The latter was
the relaxation of the transverse component of magnetization due to the dephasing
caused by the spin-spin interactions. Bloch’s theory gives an accurate description
of liquid-state NMR. At the same time, it is too crude to describe solid-state NMR:
in general, the spin-spin relaxation is a non-Markovian process, hence it can not
be described in terms of a simple exponential decay.

The appearance of the first non-phenomenological theory addressing this prob-
lem can be attributed to the 1948 paper of Van Vleck [5], who suggested analyzing

the moments of the absorption line:
“+o0o
M, = / duf (. (1.61)

The odd moments vanish due to the symmetry of f(u), while the calculation of the
even moments reduces to the evaluation of some infinite temperature equal-time
correlators. In principle, it can be done in a closed form for a moment of any
order. However, the resulting derivations quickly become very cumbersome due
to the exponential scaling of the number of terms one has to deal with. In his
paper, Van Vleck provided expressions for the second and the fourth moments.
The analytical expressions for the sixth and the eighth moments were obtained
much later by Jensen and Hansen [9] with the help of computers. It is worth
noting that the expression for the eighth moment spans almost the whole page.

Characterization of the absorption line in terms of the moments is equivalent to

14



CHAPTER 1. SPIN-SPIN RELAXATION IN NUCLEAR MAGNETIC
RESONANCE

the Taylor expansion of the time correlation function C(t) in the vicinity of ¢ = 0

(see Eq. (1.30)):
Mop = (—1)" (dd;ft)) _0/ c(0). (1.62)

Satisfactory determination of C(t) for the intermediate times requires the knowl-

edge of a large number of the expansion coefficients in the Taylor series. As their
determination quickly becomes infeasible, the method of moments is not a very
effective approach.

Another important milestone is the 1957 paper of Lowe and Norberg [6], where
the authors showed the equivalence between the absorption peak line-shape in
the frequency domain and the FID in the time domain and also proposed an
expansion scheme for the calculation of the FID. The truncated dipole-dipole
interaction given by Eq. (1.25) can be rewritten as the combination of Ising-type

and Heisenberg-type terms:

2 2
, Y (1 =3cos?0;5) [3 .n 1
Haip = Z ) : §Sz' S§ = 551‘ - Sj - (1.63)

1<j Y

The approach of Lowe and Norberg was to construct a perturbation expansion
of e~ ™Mai® in terms of the Heisenberg-type terms with respect to the zeroth-order
approximation involving only Ising-like terms. They carried this expansion up
to the fourth order and found a reasonably good agreement with the results of
their own experiment on CaF,, at least for the initial behaviour. However, the
expansions of this kind in the powers of time are only valid for a limited initial
region of time and tend to diverge for longer times. A satisfactory solution can
only be reached if one finds a way to sum an infinite subsequence of the expansion
series or to accurately approximate such sum.

An interesting line of works came from the application of the memory function
formalism to the spin systems. In the context of this formalism, the correlation

function of interest is presented as a solution to an integro-differential equation

o) _ _ / drFi(t — 7)C(7), (1.64)

dt
0

where Fi(t) is the memory function. The idea here is to project out the degrees
of freedom orthogonal to an observable of interest. The memory function F;(t)
describes the dynamics of these degrees of freedom.The procedure is quite general
and can be applied to the memory function Fj(t) itself, leading to the infinite

chain of integro-differentail equations (see the works of Zwanzig [10] and Mori [11]
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for more details):
¢

anCZ;(t) _ —/dTFn(t — )i (7). (1.65)

0

Laplace transform of equation 1.64 produces an algebraic equation of the form

. C(0)

C(z) = Py YA (1.66)

Furthermore, Laplace transform can be applied to the memory functions of arbi-
trary order, leading to a representation of C'(z) as a continued fraction. Neverthe-
less, one should note that the calculation of a memory function is still a task no
easier than the calculation of the auto-correlation function itself.

The applications to the spin systems required either the use of approximations
for the memory function or the use of sophisticated fitting procedures in order
to obtain the coefficients of the continued fraction. Tjon in the 1966 paper [12]
approximated memory function by a Gaussian and found a reasonable agreement
with experiment. However, he tested the approximation only for the case of CaFy
and only for a short initial segment of time. This approach was later refined in
the 1971 paper of Lado, Memory and Parker [13]. The authors used ideas similar
to the general Zwanzig-Mori formalism. The scheme they developed allowed them
to consider the corrections due to the deviations of the memory function from the
Gaussian shape, which could be estimated from the knowledge of the moments
of the experimental curve. This work was followed by the 1973 paper of Parker
and Lado [14], where the method was applied to fit the FIDs in CaF,. Regarding
the use of continued fraction representations, I should also mention the 1975 work
by Engelsberg and Chao [15] and the 1995 paper of Jensen [16]. Engelsberg and
Chao employed a transformation of the continued fraction to another equivalent
one, the coefficients of which were assumed to quickly converge to some limit.
The fraction was effectively truncated by freezing all the coefficients starting from
some level. The set of coefficients was obtained from the knowledge of the first
four non-zero moments, however, the values of Mg and Mg were adjusted a bit to
keep the spurious oscillations of the resulting curves at bay. The work of Jensen is,
in some sense, the development of the work of Engelsberg and Chao. The author
proposed to truncate the fraction at a level higher than the one determined by the
first four known non-zero moments. In order to do that, a way to interpolate the
value of the higher moment was suggested from the analysis of the approximate
structure of the expressions from which the moments are determined. The results
of truncation at two consequent levels were averaged, which allowed the author

to overcome the problem of spurious oscillations encountered by Engelsberg and
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Chao. The interpolation procedure was adjusted to fit the FID in CaF,, and
the resulting scheme was applied to the calculation of the FID in 3C-enriched
diamond.

In 1967-1968, there was an interesting series of papers by Borckmans and Wal-
graef [17, 18, 19]. The authors derived kinetic equations for two-spin correlation
functions with the use of resummation techniques developed by Prigogine and co-
workers [20]. The results of their calculations were in a reasonable agreement with
the experimental FID shape in CaF,. However, it should be noted that the pro-
cedure used by the authors was quite involved and the agreement thus obtained
was, actually, not that good.

Another first-principle approach to the problem was presented in the 1976
paper of Becker, Plefka and Sauermann [21|. They truncated the hierarchy of
equations of motion by decoupling the three-spin correlations in terms of the ones

of the lower order. As a result, they obtained an integral equation of the form

C(t) = Co(t) + A~ / dc;;)t(/t/) C(t—1t)dt, (1.67)

0

where Cy(t) is the correlation function of the same observable as C(t), but with
dynamics determined only by the renormalized Ising-part of the truncated dipolar-
dipolar Hamiltonian, and A is the parameter controlling the renormalization. This
paper was followed by the 1981 work of Sauermann and Wiegand [22], where
the same integral equation was rederived by considering Mori frequency matrix
(see [11]), and a slightly different value of the renormalization parameter A was
obtained. I should note, however, that the derivations of these papers were focused
specifically on the FID in CaFs for the direction of the external magnetic field along
[100] crystallographic axis. Hence, it is hard to argue what is the potential of the
application of the approach to a broader class of problems.

An ideological continuation of this paper was the 1997 work of Fine [23]. The
author obtained an integral equation, similar in structure to the one proposed
by Becker, Plefka and Sauermann. However, the derivation used general physical
arguments and treated the problem as kinetics in the spin phase space. The values
of A and Cy(t) were determined by an ansatz facilitating interpolation between
several exactly solvable cases in the space of Hamiltonian parameters. Another
important feature is that the method was tested for a broad set of model systems
[24] where the agreement was found to be consistently good qualitatively speaking.
The quantitative agreement was not bad either, but it is something we hope to
improve on.

Next in line is the approach proposed in 1976 by Lundin and Provotorov [25].
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The idea was to consider the distribution of the local field produced by other
spins on some particular site. The contribution to the local field was split into the
correlated one coming from the nearest neighbours, and uncorrelated contribution
from other spins. The distribution of the latter was assumed to be of the Gaussian
form. This work was followed by the 1984 paper of Lundin and Makarenko [26]
and by the 1992 paper of Lundin [27]. This idea of treating the outer shell of the
system differently from the core is quite insightful and is something we build upon
in this thesis. However, Lundin and coauthors completely neglected correlations
between these two parts of the system, which hinders an accurate determination
of the FID for intermediate and longer times.

An interesting approach I would like to mention is the one proposed in the
1996 paper of Lundin [28]. It is based on the following idea. The long-time
asymptotic behaviour of the FID is determined by the singular point of its Laplace
transform with the largest value of the real part. The parameters controlling
the asymptotics are the real and imaginary parts of the singular point and the
character of singularity (the order of the pole, for example). If we now look at
the hierarchy of the equations of motion for the correlation functions of different
orders, which is generated by repeatedly differentiating Eq. (1.56) with the help of
Eq. (1.54), then the fact that the information about long-time behaviour is encoded
in such a few parameters makes it plausible to suggest that all the correlation
functions should be similar in this regime. Lundin used this idea to connect the
third order correlation function with the FID, effectively truncating the whole
hierarchy. The problem is, however, that the long-time form of this functional
dependence was established from the analysis of the initial behaviour of correlation
functions, i.e., two asymptotic expansions with non-overlapping regions of validity
were compared, which puts in question the reliability of the results.

One drawback of the mentioned papers comes from the fact that, with a few
exceptions, the majority of them were focused on the calculation of FID in CaFs.
As a consequence, it is hard to assess which part of the success of the methods is
general and which one comes from overfitting the CaFy FID data (this problem is
also called overtraining in the context of machine learning). Another drawback is
that the theories are quite elaborated and it is hard to quantify the uncertainties

introduced by the approximations employed.

1.4.2 Numerical approaches

Since the analytical treatment of the problem is complicated, it is important also

to look at the works that developed numerical modelling approach to the problem.
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Classical Spins

One important bit of knowledge is that the dynamics of classical spins can often
very well approximate dynamics of quantum spins. It is an expected situation in
the case when the size of a quantum spin goes to infinity: this limit is equivalent
to the limit 7 — +o00. However, it can still be true even when we consider spins
1/2. In 1966 Gade and Lowe [29] noticed that the theoretical FIDs obtained in the
manner similar to the one used in the paper of Lowe and Norberg [6] are rather
similar for the quantum spins of different length. In 1973, Jensen and Platz [30]
used molecular dynamics simulations of classical spins to calculate the classical
FID and compared their results with the results of Gade and Lowe. Finally,
in 1976 Lundin and Zobov [25| gave a detailed analysis of both quantum and
classical FIDs and analytically proved that they should coincide in either of the
two limits: (7) the size of the quantum spins goes to infinity (i) the effective
number of interacting neighbours of a spin goes to infinity. Oddly enough, the
classical simulations were not used that much during the following years. However,
I should point out a 2015 paper of Elsayed and Fine [31], where the practical limits
for the approximation of quantum dynamics by classical one were established.
Still, there is a drawback of this approach, that is, it is hard to quantify the
uncertainty induced by the approximation. In order to generate predictions, we
need to supplement the classical simulations with another approach to compare to.
Moreover, there are cases where the classical simulations are outright inaccurate
so that they should be replaced by some other method. The Hybrid method
described in this thesis can fulfill both of these roles.

Formally speaking, a classical spin lattice is defined by the Hamiltonian of the
form (1.52) where the spin operators S{* are replaced by the spin vectors s2:

H= > J,s0s0 (1.68)

m,n°mon’

a,m<n

The extended Poisson brackets for classical spins have the structure similar to that

of the extended quantum commutation relations (1.53), namely:

{52,552} p = Opn - €apy * 51, (1.69)

mTn

With their help, one can generate the equations of motion:

$m = {Sm, H}p = 8, x W€ (1.70)
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S nSn
hi¢ =Y " | gy sv (1.71)
N\ s

are the classical local fields. The classical analogues of quantum correlation func-
tions (1.56) are defined as

Calt) = [Ma()Ma(0)]o.,  Ma=) sp. (1.72)

where [...], . denotes the average over ensemble of initial conditions. In the
infinite-temperature limit, such an ensemble is characterised by the isotropic and
independent distribution of the initial directions of the classical spins.

As Lundin and Zobov showed [25], the agreement between the FIDs of the
classical spins and the quantum S-spins is observed when the length of classical
spins is set to be \/m . Such a choice of the length guarantees that the
characteristic time 7. is the same for classical and quantum lattices. It also guar-
antees the equality of the second moments My = —C”(0)/C4(0) = —c(0)/c4(0)
for the two lattices.

The parameter of the effective number of interacting neighbours, which controls
the applicability of the classical simulations, is defined as

xT z 2
oo (S a2 1) -
S (a2 i+ :2)

In practice, for quantum spins-1/2, the classical simulations are observerd to per-
forme well for the cases where nqg is greater than four, as it was established by
Elsayed and Fine [31].

Quantum typicality

Another important approach I would like to mention is the one based on the
notion of quantum typicality [32, 33, 34, 35, 36]. The following discussion of this
approach is based on the paper of Elsayed and Fine [37]

The trace operation is equivalent to the average over infinite-temperature dis-
tribution of normalized pure quantum states in the Hilbert space of the system
[32]:

1
[(IMBMO)[)], = 7T [MEM(0)], (1.74)
where [...], denotes the average over the wave-functions sampled from the distri-

bution. However, when the dimension D of the Hilbert space is large, even a single
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typical state serves as a good representative of the whole ensemble, which consti-
tutes the essence of the notion of quantum typicality. This fact can be quantified

in the following manner. Let us pick a random pure state [t).,). Then
1
(eq MOM(0)[treq) = 5 Tr [M(E)M(0)] + A(2), (1.75)

where A(t) is a small correction. The value of A can be estimated by considering
the variance of the average with respect to the ensemble of pure states. A detailed

calculation (see Section 2.3 and [37]) shows, that the typical value of A is

1 Tr[MO)M(0)]
VD D '

Since D grows exponentially, even for a system of 20 spins, the accuracy attained

A(t) ~ (1.76)

by considering only one typical state is already about 0.1%. As Elsayed and Fine
pointed out [37], the calculation of quantum average can be then reduced to the

solution of the Schrédinger equation

d .
V() = —iH[¥(1)). (1.77)

for two wave-functions:
(Yeg M(E)M(0)[theg) = (egle™ Me™ M M|theg) = (theq(t)[M|thaua(t)),  (1.78)

|wautc(0)> = M|¢eq>- (179)

without the complete diagonalization of the Hamiltonian. In comparison with
the latter, the direct integration allows one to treat larger fully quantum lattices
numerically exactly, because it does not require one to store in the computer
memory either density matrices or unitary transformations, which are dense N x N
matrices. Instead, only the wave function vector and the sparse Hamiltonian
matrix are stored.

The Schrédinger equation can be numerically integrated by standard schemes
such as Runge-Kutta methods. There are also more efficient specialized schemes,
such as the method utilizing decomposition of exponent in Chebyshev polynomi-
als [38] or the methods based on the Suzuki-Trotter decomposition [39].

Although the use of the direct integration method brings substantial improve-
ment in terms of the treatable system sizes, it is still hard to apply this method to
the spin systems consisting of more than 36 spins (reaching of the system size of

36 spins was reported in paper [40]). At the same time, if one wants to calculate
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the quantities corresponding to the thermodynamic limit, one should consider the
lattice with the linear size of the order of 10 lattice sites so that it is possible to
neglect the finite-size effects. (For the purely classical lattices, the finite size effects
were attested in [31].) In the case of a three-dimensional lattice, the linear size of
10 lattice sites corresponds to 1000 spins in total, which surpasses the limitations
of the direct integration method by orders of magnitude.

In conclusion, we should add that these notions of the distribution of pure
states and of replacing the dynamics of operators with the dynamics of the wave-
functions are equally important as building blocks of the method described in the

thesis. We discuss them and the resulting formalism more thoroughly in Chapter 2.

1.5 Main ideas of the thesis

The dimension of the Hilbert space scales exponentially with the number of spins,
which is in stark contrast to the linear scaling of the phase space dimension for
the corresponding classical spin system. In order to make a quantum spin sys-
tem amenable to simulations, we need to reduce the number of degrees freedom.
That is, we need to find such an approximation of the exact quantum dynamics,
which operates within the state space of much lesser dimension, yet captures the
important dynamical aspects of the full Hilbert space dynamics.

In the course of the work on this thesis, we have tested several approaches
with the above goal in mind. The first one was based on the original idea of
augmenting the classical spin dynamics: besides the classical degrees of freedom,
the resulting dynamical system had additional degrees of freedom corresponding
to the two-spin quantum correlations. We compared the simulations of augmented
classical dynamics with the simulations of fully quantum one and found them to
be coinciding for the extended initial interval of time. However, we also revealed a
drawback of the method: the equations of motion for an augmented system were
unstable. These results were published in the paper [41].

Nevertheless, in the end, we found a more fruitful approach, which this thesis
is based on. Its ideas can be summarised as follows.

The direct numerical simulations are only possible for a small cluster inside a
macroscopically large quantum system. We can think about the rest of the system
as about an environment. While it is not feasible to simulate both the cluster
and the environment quantum-mechanically, a plausible suggestion would be to
approximate the dynamics of the environment instead. In doing so, it is crucial
to preserve the dynamical correlations across the cluster-environment boundary
as closely as possible. An important aspect of these correlations is the retarded

action of each of spin on itself and other spins via interacting neighbours. In order
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to preserve this aspect, it is crucial to treat both the cluster and the environment
as the interacting parts of a single dynamical system’.

We considered two ways to approximate the environment: either by a collection
of quantum clusters similar to the one we are concentrating on, or by a collection
of classical spins. In order to facilitate the interactions between the quantum
clusters in the former case and the interaction between the quantum cluster and
the classical environment in the latter one, we introduced the classical effective
magnetic fields produced by different parts of the system on each other.

In this thesis, we focus on the latter approach, because we found it to be more
flexible and convenient. The resulting dynamical system is a hybrid quantum-
classical lattice consisting of a quantum cluster surrounded by classical spins.
These ingredients are at the core of the proposed Hybrid Method.

We should note that the approach based on approximating the environment
by a collection of quantum clusters is somewhat similar to the Cluster Truncated
Wigner Approximation method proposed by Wurtz, Polkovnikov and Sels [42, 43].
Their method, however, was never applied to the problem of FID calculation.

In order to determine the efficiency of the Hybrid Method, it is tested on
various model one- and two-dimensional spin lattices. It is also applied to the
calculation of the FID in several materials. The computed FIDs agree well with

experiments.

1.6 Organization of the thesis

In Chapter 2 we provide a brief overview of the method of the Hilbert Space
Average. With its help, we discuss some important properties of the infinite-
temperature state of a spin lattice.

Chapter 3 contains the formal description of the Hybrid Method.

After that, we proceed in Chapter 4 with application of this method to the cal-
culation of the spin relaxation for model one- and two-dimensional systems, where
we compare the results of the hybrid simulations and the results of the classical
simulations with the reference simulations of large quantum lattices obtained with
the direct quantum method of paper [37] (see also Appendix A.1.1).

Calculations of FID in the real materials with the use of the Hybrid Method
are presented in Chapter 5. We consider the cases of CaFs,, ?°Si-enriched silicon

and calcium fluorapatite.

7An alternative procedure for approximation would be to introduce the dynamical mean-
field describing the effect of environment. Then the equations are closed by expressing the
stochastic properties of the mean-field in terms of the dynamical correlations of the cluster.
Such an approach, however, doesn’t preserve the structure of the correlations across the cluster-
environment border.
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In Chapter 6, we provide a theoretical analysis of the hybrid dynamics intro-
duced in Chapter 3.

The conclusions and outlook are presented in Chapter 7.

Appendix A provides the details of the simulations.

Appendix B is the manual to the code library written in the course of the

project as an implementation of the Hybrid Method and companion methods.
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Chapter 2

Properties of the infinite

temperature ensemble

2.1 Distribution of wave functions in the Hilbert
space

For the classical systems, there are two equivalent ways of describing the statistical
properties. On one hand, one can focus on individual trajectories of the system,
where the sampling of initial conditions is determined by the statistical ensemble.
On the other hand, it is possible to describe the dynamics of the ensemble as a
whole by means of the probability distribution of states in the phase space. In the
former case, the evolution of trajectories is described by the Hamilton equations of
motion. In the latter case, the dynamics of the distribution of states are dictated
by the Liouville equation.

The statistical description of quantum systems usually employs the notion
of density matrix which generalizes the notion of the probability distribution of
states in the phase space. Correspondingly, the evolution of the density matrix
is determined by the quantum generalization of the classical Liouville equation.
At the same time, it is also possible to consider the quantum analogue of the
individual trajectories approach. The difference with the classical case is that the
states of the system — wave functions — are the elements of the Hilbert space, and
their dynamics is determined by the Scrédinger equation. The initial conditions
are then sampled from the distribution of wave functions. In the context of this

approach, the quantum statistical averages are rewritten in the form

Tr [pA] = [<¢p|~’4’¢p>]¢p ) (2.1)

where A is an observable, and [- - -] », denotes the average with respect to the wave
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functions [1,) sampled from the distribution corresponding to the density matrix

p.

In the limit of infinite temperature, all states of a quantum system become
equally probable. As a consequence, this limit is characterized by a uniform dis-
tribution of initial wave functions over a unit hyper-sphere (¢|¢)) = 1. The defin-
ing property of this distribution is its invariance under the action of the group
of arbitrary unitary transformations U(D) of the Hilbert space. Indeed, unitary
transformations preserve the norms of wave-functions and the distances in the
Hilbert space. From the former, it follows that the points of the unit hyper-sphere
are transformed into each other. The latter implies that infinitesimal surface el-
ements of the hyper-sphere are transformed into infinitesimal surface elements of
the same area, thus the uniformity of distribution is also preserved.

In practice, the infinite-temperature distribution can be sampled in the follow-

ing manner. First, we generate the wave functions as

) = aglk), (2.2)

where |k) is a full orthonormal basis, a; = rpe?* are complex quantum ampli-
tudes, in which ¢ are phases randomly sampled from interval [0, 27), and ry are
non-negative real numbers, whose squares p, = r? are sampled according to the

probability distribution [44, 37]

P(px) = Dexp (—Dpy). (2.3)

Then, the wave functions [¢)) are normalized. Before the last step, the generated
wave-functions have an arbitrary norm, yet their distribution is invariant with
respect to arbitrary unitary transformations. The normalization puts all the wave
functions onto the unit hyper-sphere while preserving this property of invariance.

The notion of distribution of wave functions allows us to study various statis-
tical properties of quantum expectation values described by the correlators of the

form

G oy = (LAY - (O Aafd) - - (AW, (2.4)

where {A4;, Ay, ..., A,} is a set of observables. In this notation, quantum sta-

tistical averages correspond to the first order correlators (see Eq. (2.1)). Using

! The choice of the corresponding distribution is not unique. Nevertheless, since p is a positive
semi-definite operator by definition, it is always possible to to sample the wave functions v, as
[¥p) = /Dply), where |1p) is sampled from the infinite temperature distribution. Indeed, as
(Wl A], = Tr[A)/D (see Eqs. (24), (25) and (211)), [(6,lAl,)], = Tr [/AAyp] =
Tr [pAl.
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representation (2.2), we can reformulate Eq. (2.4) as

(n) _
G-Al 7-'42 ----- -An -

=Y > D lananagan - af as, ], (A (As)igs - (Aingas (25)

11,71 12,72 in,Jn

where
(-Ap)ip,jp = <ip’“4p‘jp>' (2'6)

Given a particular choice of orthonormal basis in representation (2.2), the corre-
lators for arbitrary sets of observables are completely determined by the matrix

elements of observables and by the tensors

21,82, y0m, — * R * )
Fiviein = lal a5 05,05, - af a;,], (2.7)

Since the distribution of wave functions describing infinite temperature is invariant
with respect to unitary transformations, the choice of the orthonormal basis |k)

in representation (2.2) is arbitrary. As a consequence, the form of the tensors

11,8255 in
J1,725---5]n

The ideas presented in this Section were developed in the work of Hams and
De Raedt [32], the works of Fine [24, 45] and the works of Gemmer, Mahler and
Michel [46, 33|. Although the forms of the lowest order tensors F¥ and F 7’;7 were

already established in the literature, we find it instructive to provide an alternative

is identical irrespective of this choice.

derivation based on the symmetry arguments (see Section 2.2). Additionally, in
Section 2.5, we derive the forms of the tensors of arbitrary order in the closed

form, which can be regarded as a new result.

2.2 Infinite-temperature correlators of the first and

the second orders

The discussion of the quantum typicality often revolves around two lowest-order

k ko,
tensors F0 and F ;-

FY = [ajam]y, (2.8)
F:;’; = [ayamaray. (2.9)

Their form can be completely deduced from the symmetry arguments. The same
arguments can be used to deduce the form of the tensors of arbitrary order. How-
ever, in this general case, it is more convenient to use a different approach described

in Section 2.5.
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. . . k .
As we have mentioned in Section 2.1, tensors F¥ and F} transform into

themselves under the action of the group U(D). This group contains, among
other members, independent rotations of complex phases of the basis vectors and
the permutations of the basis vectors.

The invariance of F* with respect to the phase rotations implies that only di-
agonal elements F) are non-zero. The invariance with respect to the permutations
additionally implies that this diagonal elements should all be equal to each other.

These considerations constrain the form of the tensor to
FF=a- 6k (2.10)

where « is a constant that can be found by computing the trace of F¥ in two
ways: from the definition (2.8), >" FF = {Z |ak\2] = 1, and from Eq. (2.10),
k k W

S FF = Da. Thus a = 1/D. As a result, Egs. (2.8) and (2.10) give
k

5k

[apamly = o (2.11)

Note that F* is identical to the infinite temperature density matrix which proves
our argument about the first order correlators being equivalent to the quantum
statistical averages.

For the tensor F 7’;7, the invariance with respect to the phase rotations leaves us
with non-zero elements only of the form F ,f ™ or F:,? . The symmetry of Fi? with
respect to the permutations of lower indices (or upper indices), further implies
that F,f M= F:,? . In terms of averaging in Eq. (2.9), one should distinguish the
elements Fy»' = [|ax|*|an|?]y with k # n from the elements with k = n, i.e. of the
type F,f,f = [|ax|*]y. Given the symmetry with respect to the permutations of the
basis vectors, the first subset is necessarily a part of the tensor that has form

=8 (0,07 + 0f0y). (2.12)
where (3 is a constant. We note here that tensor (2.12) is invariant with respect
to all transformations belonging to the group U(N) as required. It also yields
the value F,f,f = 28 = 2[|ax|*|an|*]y for the elements from the second subset. If,
however, [|ag|*]y # 2[|ak|*|an|?]y, this correction must be accounted for by adding
to the right-hand-side of Eq. (2.12) a tensor of the form 3'6% 578", where 3’ is
another constant. However, a tensor defined in one basis as ¥ 670" does not
remain invariant under all U(/NV) transformations. Therefore, such a correction

is not possible, which means that expression (2.12) represents the only possible
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form of tensor F:L? The constant S can now be found by taking the “double
trace” 323" F°" in the definition (2.9), which gives 337 |ax|?|an|> = 1, and in
k n k n

Eq. (2.12), where it becomes SD(D + 1). Thus g = ol which, together with

1
D)’
Egs. (2.12) and (2.9), implies

O OF + 00y

ISR (2.13)

* * _
[apamanar]y =

2.3 Quantum typicality

Here we illustrate the notion of quantum typicality by proving Eq. 1.76. The
following discussion parallels the derivation outlined by Elsayed and Fine [37].

Let us consider an observable B with infinite temperature average (B) # 0:

Tr |B
(B) = [(v[Bly)],, = D[ ]- (2.14)

Here we have used Eq. (2.11).
If |t)eq) is some typical wave-function randomly sampled from the infinite-

temperature distribution, then

Tr [B]
<¢eq|8|¢eQ> = T + A. (2‘15)

Typical values of the deviation A are determined by the variance of the distribution

of quantum expectation values:

A% = ([wIBlv)?], - [WIBIE) (2.16)

Using the definitions (2.4) and (2.5) with substituted Egs. (2.11) and (2.13), we

obtain

: N mE eE ) (B
mew]wﬁwwwm)=<MD+U+Dw+D>_<-D> i

Tr [B?] Tr? [B]

= — (2.7
D(D+1) D*D+1) (2.17)
As a consequence, for the relative deviation, we get
A D Tr[B? 1
= 5 — : (2.18)
Tr [B]/D (D+1)Tx*[B] D+1
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Now, let us substitute into this equations B = M, (t)M,. To estimate the
deviation A(t) = (Yeq| Ma(t) My |theq) —Tr [Mo(t)M,]/ D, we can look at the case
t = 0, where Tr [M2] = N - Tr[(S#)?] ~ DIn D and Tr [M1] = N - Tr [(S#)1] ~
DIn D. Here we approximated the number of spins NV as N ~ In D. Neglecting

the subleading factor In D, we get for large D:

A 1
Tr[M2/D" VD

(2.19)

2.4 Suppression of the expectation values of quan-
tum operators by factor 1/v/D + 1

Let us consider a cluster of Ng spins 1/2 with the dimension of the Hilbert
space D = 2NVe. Let us further consider quantum operator A, which has infinite-
temperature average (A) = 5TrA = 0 and the variance (A%) = $TrA? = A2 .
This can be the operator of local field, or the projection of an individual spin, or the
operator of the total spin polarization. Here we show that the root-mean-squared
value of (1|A|Y) is supressed with respect to the normal quantum root-mean-

squared value:

(Y] A[)?], = Awms/VD + 1. (2.20)

Equivalently, it implies that for a typical wave function |t)e) randomly sampled

in the Hilbert space of the cluster from the infinite-temperature distribution,
(Yeal Alteq) ~ Awms/V' D + 1. (2.21)

This result is very important for the understanding of the Hybrid Method we
introduce in Chapter 3.

The intuitive explanation of this fact is based on the notion of quantum par-
allelism [47]. Namely, the expectation value (1|A4]¢)) can be thought of as the
average over D independent superimposed realizations of the state of the system,
and, as a result, a factor of the order 1/ VD suppresses the statistical fluctuations
of (| Al¢) with respect to the zero average.

In order to prove this result formally, we need to consider the following Hilbert-

Space averages:

(LA = [a5,an] s Amn, (2.22)
and
(A = > [ahaiah,an] s A Ann, (2.23)
k,lmm
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where A,,, are the matrix elements of 4. Substituting Eqs. (2.11) and (2.13) into
Egs. (2.22) and (2.23), we obtain

T
[(Y[A[)]y = —5—=0, (2.24)

and

Tr [A?] T (A AL
(MY = D(D+1)+ DD+1) D+1

which gives Eq. (2.20).
Now we apply the above general result to the operator of the local magnetic

(2.25)

field of a quantum spin lattice

J5ST

LV

hee=->"| sy |, (2.26)

LVARY)

jF#i Jz 9%

VAR

given by Eq. (1.55). The root-mean-squared value of h2< is defined as

rms = Z Ja2 Tr SaQ (227)
J#ZO&

(The characteristic time of lattice dynamics 7. given by Eq. (1.73) is obtained as

1/h7’ms')
If we consider quantum expectation value (¢|h;|¢)) for a random quantum

state, then its root-mean-squared value is

1@l [lms= \/[@0l0)2), = | > JgTg [SeSe], (2.28)

G Ao

Using Eqs.(2.24) and the fact that [S;?“Sﬂw = 0 for j # [, we obtain:

[SaQ:I hTms
Q09 _ a2 J .
| (HIE2) me= 4| D I8 BT - VBT (2.29)

j?éiva

2.5 Infinite-temperature correlators of arbitrary or-

der
In order to deduce the form of the tensors F;ll ;j:::::l" of arbitrary order (see Eq. (2.7)),
it is convenient to recast the Hilbert space average |...], as a multidimensional

31



CHAPTER 2. PROPERTIES OF THE INFINITE TEMPERATURE
ENSEMBLE

integral over the expansion coefficients ¢; in representation (2.2):

i11i21-~-,in — * . o
Fj1,j27~-~7]'n - [a aJla a]2 . 'aina]n}lp -

D [ D
fkljl dajday 6 ( };a’,;ak — 1) al ajala;, ... ak a;,
= — — . (2.30)
D [ D
[ 11 dajday, 6 < > age, — 1)
k=1 k=1

where §(...) is the Dirac delta-function. Here the measure of integration du is

defined in terms of the decomplexification of the Hilbert space:

D D

dp = [ [ dajda; = [[ dRea;dIma;. (2.31)

=1 p=1

The denominator of Eq. (2.30) is the area Ayp_y of the (2D — 1)-dimensional unit
hypersphere.

In order to evaluate the right-hand side of Eq. (2.30), let us introduce an

auxiliary multidimensional integral:

daidar - Z
k k apag
11,12,.y0n * *
Im o / | | =1 a; 1%’1@@'2%2 sy Ay (2.32)

On the one hand, it is a simple Gaussian integral and can be evaluated in the
closed form with the use of the Wick’s theorem (see, for example, [48, Chapter 1])

as

74177427 in
]1 J2redn E :621,1’31 ’ Z2,1’]2 R 5in,Pjn7 (233)

where the summation is performed over all the permutations P of n indices
{j1,J2,---,Jn}- On the other hand, we can split the integration into the inte-
gration over the surface of the (2D — 1)-dimensional hyper-sphere of radius r with

the subsequent integration over the radius of that hypersphere:
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Here we have used the fact that

Aﬂ;—l/drer 2(D4n)—1
T
0
+o00
Asp_1 ) I'(D +n)Asp—
— — (D+n—1)
=5 /d(r /2)e 5D , (2.36)

22
Ap = () (2.37)
for odd n. Thus,
L(D+n)Asyp1 T(D+n) (2.38)

27D ~T(D)
Substituting Eq. (2.38) into Eq. (2.34) and comparing the result with Eq. (2.33),
we, finally, get

(D) (D)

Fyllyj """ = “TD+ n>fji,’j§iiiiij’; = (D +n) ;51'1,le iy Pjs * -+ Oip Pjn- (2.39)

If we take n =1 or n = 2, we indeed obtain Egs. (2.11) and (2.13) respectively.
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2.6 Symmetry of infinite-temperature correlation

functions

2.6.1 The quantum case

The correlation functions of interest can be represented as linear combinations of

two-spin correlation functions of the form

CoP (1) = (S2(1)SP(0) = %Tr EXCEOIR (2.40)

For example, the autocorrelation function of the total polarization in Eq. (1.56) is

Calt) = (SP(1)S7(0)). (2.41)

]

In Section 1.3, we showed that C,(t) are even functions of time. This result,
however, is much more general, and it is characteristic of the infinite-temperature
state of the system. Here we show, that arbitrary two-spin correlation functions
(Ofy j’ﬁ (t) exhibit this property. Although this fact is well-known, the provided proof
illustrates the application of the individual trajectories approach.

With the use of the notion of the distribution of wave functions in the Hilbert

space (see Section 2.1 of this Chapter), we rewrite Eq. (2.40) as
€t = (D+1)- |@ISPWIR)WIS O] . (2.42)

where we have used Eq. (2.13) combined with the fact that Tr [S¢ ()] = Tr [S#(0)] =
0. The analysis of the behaviour of different dynamical quantities under the time-
reversal is convenient to facilitate with the use of the operator of time-reversal ©
(for more details, see [49, Chapter 26]). In this regard, it is important to note that
the distribution of wave-functions corresponding to the infinite-temperature state
of the system is invariant not only under the action of arbitrary unitary trans-
formations but also under the action of arbitrary anti-unitary transformations U.

First of all, the points of unit hypersphere are still transformed into each other in

this case. Indeed, for [¢)) = U4, where (¢]1h) = 1, we have

(W) = (Y|y)* = 1. (2.43)

Secondly, similar to unitary operators, anti-unitary operators transform infinites-
imal surface elements of the unit hyper-sphere into infinitesimal surface elements

with the same area, which implies that the uniformity of distribution over the

34



CHAPTER 2. PROPERTIES OF THE INFINITE TEMPERATURE
ENSEMBLE

hyper-sphere is also preserved. In order to show it, we need to use the fact that
any anti-unitary operator can be presented as the product of some unitary op-
erator and the operator of the complex conjugation K. The unitary operators
preserve the area of infinitesimal surface elements. The area-preserving property
of the operator of complex conjugation K can be proven with the help of the
decomplexification of the Hilbert space: in this representation, the action of K is
equivalent to the inversion of some of the coordinates.

Additionally, we need the identity describing the transformation of observables

under the action of time-reversal:
(o] A|B) = (@5|@AT@_1|@Q>. (2.44)

(This identity is, actually, true not only for © but also for any anti-unitary oper-
ator. For the proof, see [50, pp. 273-274].) With the help of this identity, we can
write in Eq. (2.42)
WISEOR) 1S Ol =
= [(eulestmelev)@uiosi e lev)] . (245)

Since the infinite-temperature distribution is invariant under the action of anti-

unitary operator of time-reversal ©, we can manipulate this expression further:
(©vlos: (e ev)©vles] 0o ev)] =
= [wlest (e w)(les; 00 )| . (246
where
OS*(1)O~ ! = QM Sre MO = QMO T'OS50 0O (2.47)

Time reversal changes the signs of spin operators: ©S20~1 = —S®. The Hamilto-
nian defined by Eq. (1.52) is invariant under the time-reversal because it consists
only of two-spin terms, i.e. OHO™' = H. At the same time, the application of
time-reversal to the unitary operator of evolution changes the sign of imaginary

unity i: Qe O ~! = ¢ Combining all these facts together, we, finally, get

G0 = (D+1)- (ISt o) (wIS] O))] =
= (D+1)- (WISt @IS O] = O3 (1), (248)
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2.6.2 The classical case

As in the quantum case, the symmetry with respect to time-reversal is exhibited
by the infinite temperature correlation functions in the classical case.
The classical analogues of the two-spin correlation functions (2.40) are defined

similarly to the auto-correlation functions (1.72):
cnh(t) = [s2 (t)sﬁ(O)L.c. : (2.49)

The time reversal of classical spin dynamics corresponds to the change in the
signs of all the spin vectors. The classical Hamiltonian (1.68) is invariant under
this operation. Therefore, if {s& (¢)} is a solution of the classical equations of
motion (1.70), (1.71), then {—s% (—t)} is also a solution. One can check this fact
by the simple substitution into Egs. (1.70) and (1.71). For the following derivation,
it is convenient to write the average over initial conditions s%,(0) = x¢, explicitly

as

[Sﬁ(t)SQ(O)L.C. - |:<S?n(t))|s$‘n(0):$$‘n (sg(O)) }sa (O)z%}m%' (2.50)

m

Time-reversal symmetry implies that

(St ()]s )=z, = (—5m (=) |sa (0)=—as. - (2.51)

m

As a consequence,

(20 0, (200D 01 ] =

1o}
Tm

= (=50t g 01 as, (55O Ly 01| - (252)

m x%

The infinite-temperature state is characterized by the isotropic and independent
distribution of each of the initial spin vectors. Such a distribution is invariant

with respect to the reversal of the directions of the spins, thus

~

))ls?n(O):fm?‘n (_52(0))‘8%(0):7%] -

«@
T

— 3D 0z, GEO g 0y | - = [ (0E0)],, . (253)

(=5l

Finally, we get
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Chapter 3

The Hybrid Method

In this chapter, we introduce a method of approximating the dynamics of a quan-
tum lattice by the dynamics of a hybrid quantum-classical lattice. We call it
succinctly the Hybrid Method. The theoretical analysis of the hybrid dynamics
itself is postponed until Chapter 6.

3.1 Hybrid lattice and its equations of motion

We approximate the fully quantum lattice (see Eq. 1.52) by a hybrid lattice that
contains a set of lattice sites Q occupied by a cluster of quantum spins 1/2 and a
much larger set of sites C occupied by classical spins (see Fig. 3.1). The quantum
cluster is described by a wave function |¢), while the classical spins are described
by a set of vectors {s,}.

The challenge in defining the dynamics of such a hybrid system is to reproduce
the dynamical correlations of the original fully quantum lattice as closely as possi-
ble. An important aspect of these correlations is the retarded action of each spin
on itself and remote spins via interacting neighbours. In order to induce such cor-
relations across the quantum-classical border, we introduce effective local fields
exerted by the quantum and the classical parts on each other. The local fields
exerted by the classical environment on quantum spins are to have the standard
form (1.71) used in purely classical simulations. In order to define the reverse
action of the quantum spins on the classical neighbors, one can try to take the
expression (1.55) for the operator of quantum local field and, in that expression,
replace quantum spin operators with their expectation values (¢|S%|¢). However,
the problem with such an approach is that, for a typical pure state describing a
cluster of Ng spins 1/2, the expectation values (|59 |¢)) are exponentially small
[33, 47, 37] — they are suppressed by factor 1/y/Dg + 1, where Dg = 272 is clus-

ter’s Hilbert space dimension (see Section 2.4 for the derivation). Therefore, for
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Figure 3.1: Sketch of a hybrid lattice: a cluster of spins 1/2 surrounded by an en-
vironment of classical spins. The quantum cluster is described by a wave function
|1). Classical spins are represented by three-dimensional vectors.

Do > 1, such a naive approach would lead to a negligible action of quantum spins
on the classical ones, thereby failing to induce qualitatively important correlations
across the quantum-classical border. Instead, we propose to use the quantum ex-
pectation values scaled up by factor \/Dg + 1, whenever they are coupled to or
combined with the classical variables.

We describe the dynamics of the quantum and the classical parts are by re-

spective Hamiltonians

,j€EQ

Ho= > JSeSe = hie.s; (3.1)
1<j,« 1€Q
m,neC

He= > J%,sos5—Y hSs,, (3.2)
m<n,o meC

where S¢ are the operators of spins 1/2 as in Eq. (1.52), s, = (s7,,sY,,sZ,) are

vectors of length /S(S + 1) = v/3/2 representing classical spins, h‘? and h2¢
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are the local fields coupling the quantum and the classical parts:

JF st

wnen
CQ _
hie=->"| s |, (3.3)
neC J? &7
,n°n

JZ (] SF|)
h = —\/Do+1-> | J& (w|S!) |. (3.4)

TN i (0ISF )

The entire hybrid lattice is assumed to have periodic boundary conditions.

If we choose the Heisenberg representation to describe the state of the quantum
cluster, the equations of motion are generated with the help of the commutation
relations (1.53) and poisson brackets (1.69) for the quantum and the classical parts

of the system respectively:

S, = —i[Si, Ho] = Si x (K22 + h$9), (3.5)
S$m = {Sm, He}p = s x (S + h2°), (3.6)
where
jeo [ JiiSi
hl=->"| Js¢ |, (3.7)
7N\ IS
and
nee [ ImasSn
W =—3"| g0 |- (3-8)
N TS

Such form of the equations of motion is convenient for the analysis. For the
calculations, however, it is better to work with the Schrodinger representation. In
this case the evolution of the wave function of the quantum cluster is determined

by the Schrédinger equation:

dy(t))
dt

= —iHo|t). (3.9)

The complete dynamics of the system is thus defined by the system of Eqgs. (3.9)
and (3.6), which should be integrated jointly.

The infinite-temperature distribution of the initial conditions for the hybrid
lattice is naturally defined as the product of the infinite-temperature distributions
for each of the subsystems. Thus, the initial conditions for the simulations include

a fully random choice of normalized |¢(0)) in the Hilbert space of the quantum
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cluster and fully random orientations of classical spins.
The hybrid version of the total spin polarization 91, (¢) is defined according to

the earlier prescription for rescaling quantum expectation values:

Ma(t) = /Do +1- ()] Y SPR(8) + D sm(t). (3.10)
i€Q meC
The rescaling by factor /Dg + 1 is central to the Hybrid method. It will be
further discussed and justified in Section 3.2 (see also Chapter 6).

3.2 Correlation functions

For purely classical systems, equilibrium auto-correlation functions c,(t) are ex-
tracted from the equilibrium noise of the quantity of interest M, (t) = >  s%(t)

m -m

using the definition (1.72) (we repeat it here for the convenience of the reader):

Ca(t) = [My(t)M,] (3.11)

i.c.’

As we demonstrated in Section 2.6.1, for purely quantum system, it is possible to

re-express the auto-correlation function (1.56) in the similar form:

Ca(t) = (D +1) - [($[Ma(B)[9) (| Ma(0)|1)],, - (3.12)

Here, the amplitude of the quantum noise (1| M, (t)[¢) is smaller than its classical
counterpart M, (t) by 1/4/D + 1, which results in the appearance of compensating
factor (D + 1) in Eq. (3.12).

Since the hybrid lattice contains classical spins, it is possible to define the
hybrid correlation functions &, (¢) by analogy with Eqs. (3.12) and (3.11) as

Co(t) = [Ma(t)Ma(0)], (3.13)

where 9, (t) is given by Eq. (3.10). At the level of a basic idea, the rescaling intro-
duced in Eq. (3.10) compensates the amplitude mismatch between the quantum
and the classical contributions to 9, ().

Such a straightforward definition of €,(¢) is, however, plagued by the fact that
the dominant contribution to €, (¢) comes from the correlations between the spins
of the classical part of the system. A way to overcome this problem is to remember
that the original quantum lattice is translationally invariant so that the correlation

functions C,(t) can be re-expressed in the form (1.60). Equivalently, we can write
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Eq. (1.60) with the help of Eq. (2.42) as

N
Calt) = D+ D= [WIMOI) WM O )], Mo =D ST (3.14)
i€Q’

where Q' is the subset of the lattice sites (containing arbitrary spins in the case
where all the spins equivalent or containing arbitrary basis cells otherwise; see
the discussion preceding Eq. (2.42)). The separation of the system into a quan-
tum cluster and a classical environment breaks the translational invariance of the
hybrid lattice. As a consequence, it is natural to define the hybrid correlation
functions by analogy to Eq. (3.14). The presence of the quantum-classical border
in the hybrid simulations makes different choices of Q' nonequivalent from the
viewpoint of the approximation error. We minimize this error, by choosing the
subset @' to consist of one or several equivalent spins inside the quantum cluster
which are furthermost from the quantum-classical border.

We can combine these arguments into the following definition of the hybrid

correlation function:

N
Q:a(t) = N ) [m,a(t)ma(o)]i.c.7 (3'15)
Ql
where M, (t) is given by Eq. (3.10), and M, = /Do + 1 (¢(t)] > SFv(t)).

je’
Note, that this way €,(t) is determined by the dynamics of the central spins of

the cluster, which are the least influenced by the presence of the quantum-classical
border.

Hybrid auto-correlation functions (3.15) are based on the definition (3.12)
of the quantum correlation function. In comparison with the equivalent defini-
tion (1.74), the averaging procedure in the definition (3.12) is much less efficient
(see Appendix A.2 for a more detailed discussion). It would be beneficial to define
the hybrid correlation functions similarly to Eq. (3.12). However, we were unable
to combine Eq. (3.12) with the classical dynamics. In the end, the hybrid method
requires many samples of initial conditions for the calculation of correlation func-
tion as opposed to the single random wave-function in the case of the method
based on quantum typicality. At the same time, this disadvantage is outweighed

by the possibility to consider much larger lattice sizes.

3.3 Uncertainty estimate

In the limit where the quantum cluster occupies the whole lattice, the hybrid
calculation must converge to the exact quantum result. On the other hand, the

hybrid scheme for a one-spin quantum cluster behaves like a purely classical lattice.
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In this case, we can use the expectation values of the spin projection operators
to form a closed system of equations of motion. The factor \/Dg + 1 guaran-
tees then that the length of the resulting classical vector of quantum expectation
values is the same as the lengths of the classical spins. Thus, as the size of the
quantum cluster increases, the hybrid dynamics “interpolates” between the purely
classical dynamics and the exact quantum dynamics. It is plausible that such an
interpolation occurs smoothly with the size of the quantum cluster.

We can utilize the fact that the hybrid calculations converge to the exact quan-
tum result with increasing quantum cluster size to make an efficient estimate of
the accuracy of Hybrid Method’s predictions. A discrepancy between the results
for quantum clusters of significantly different sizes gives an estimate of the differ-
ence with the thermodynamic limit'. The implementation of the hybrid method
can realistically involve only relatively small quantum clusters of 10-20 spins 1/2.
Yet, precisely for this reason, the relative differences between these sizes are large.
Therefore, if these differences do not lead to large deviations of the computed
correlation functions, then the result should be viewed as reliable. For the lattices
with a not too small number of interacting neighbours, where purely classical cal-
culations are expected to work well [31], the deviation between a purely classical
calculation and a hybrid calculation with a small quantum cluster can already be
sufficient for a reasonable estimate of the predictive accuracy.

Overall, we are unable to provide justifications for the method and the un-
certainty estimate which are completely rigorous from the mathematical point of
view. However, from the practical point of view, such a justification can be pro-
vided in the form of extensive testing on a broad variety of systems. It is precisely

what is done in the following two Chapters.

!This discrepancy gives an estimate of the difference with the exact quantum result. Given
the full lattice size is sufficiently large, this exact quantum result closely reproduces the thermo-
dynamic limit.
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Chapter 4

Application of the Hybrid Method
to the simulation of model one- and

two-dimensional spin lattices

In the following two chapters we do not distinguish between C,(t), c,(t) and
¢(t) defined by Eqs. (1.56), (1.72) and (3.15). Additionally, all the plots present

normalized correlation functions C,(t)/C,(0).

4.1 One- and two-dimensional model lattices

Our tests of the performance of the hybrid method for one-dimensional chains
and two-dimensional square lattices of spins 1/2 are presented in Figs. 4.1, 4.3
and 4.4, 4.6, 4.7, respectively. The lattices had nearest-neighbour interactions with
coupling constants indicated in the figure legends. In all the figures, the predictions
of the hybrid method are compared with the results of numerically exact direct
quantum simulations for sufficiently large clusters (see Appendix A.1.1). The
cluster was considered “sufficiently large”, when, in the time range of interest, the
change of C,,(t) with the increase of the cluster size was negligible. The sizes of the
quantum clusters for hybrid simulations were, typically, smaller: in comparison
with direct simulations, they were limited by the requirement to generate many
more and much longer quantum evolutions in order to collect enough statistics
(see Appendix A.3). Figures 4.1, 4.3, 4.4, 4.6 and 4.7 also include back-to-back
comparison of hybrid simulations with purely classical simulations.

In Figs. 4.2 and 4.5, we present the dependence of the results of direct quantum
simulations of large quantum clusters on the size of the clusters for the cases
considered in Figs. 4.1 and 4.4. The corresponding data for the cases considered

in Figs. 4.3, 4.6 and 4.7 is already included in these figures. With the exception
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of Figs. 4.6(a,a’) and 4.7(b,b’), these tests reveal that the correlation functions
obtained for several cluster sizes coincide with good accuracy, which, in turn,
indicates that the respective plots represent the correlation functions of interest
in the thermodynamic (infinite-cluster) limit.

For one-dimensional chains, the performance of the hybrid simulations in Figs. 4.1(a,b)
and 4.3(a,b) is excellent. These figures correspond to typical situations when cor-
relation functions C,(t) decay not too slowly, i.e on the timescale of the order of
7. given by Eq. (1.57). On the contrary, Fig. 4.1(c) illustrates an atypical case,
where the coupling constants and the axis « are chosen such that C,(t) decays
anomalously slowly. In this case, the hybrid method’s prediction exhibits a clear
discrepancy from the reference plot. Important, however, is the fact, also illus-
trated in Fig. 4.1(c), that the internal estimate of the predictive accuracy based
on the use of different quantum clusters within the hybrid method would an-
ticipate the above discrepancy. We note here that the same accuracy estimate
in Figs. 4.1(a,b) and 4.3(a,b) is consistent with the observed excellent agreement
with the reference plots. We further observe that, in all cases presented in Figs. 4.1
and 4.3, the performance of the hybrid simulations is significantly better than that
of the classical ones.

Figures 4.4, 4.6 and 4.7 illustrate that, for two-dimensional lattices, hybrid
simulations generally exhibit a very good performance, which is also noticeably
better than that of the classical simulations. At the same time, there is a prob-
lematic case presented in Figs. 4.6(a,a’), where the classical simulations seem to
perform better than the hybrid simulations. We should point out, however, that
the reference curve corresponding to the direct quantum simulations of 5 x 5
quantum cluster is not reliable in this case, because the comparison of the direct
quantum simulations of a large quantum cluster for different sizes of the cluster
does not provide evidence that the results of these simulations converged to the

thermodynamic limit.

4.2 Discussion

Overall, Figs. 4.1, 4.3, 4.4, 4.6 and 4.7 illustrate that the hybrid method produces
mostly very accurate predictions. As we now explain, the rare situations where
method’s predictive accuracy is limited can be understood from the analysis of
the asymptotic long-time behaviour of C, ().

There exists substantial experimental [52, 53, 54, 55| and numerical |56, 57, 37,
31] evidence, also supported by theoretical arguments [18, 45, 58|, that, despite

widely varying shapes of correlation functions C,(t), their long-time behaviour in
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non-integrable systems has universal form
Co(t) e or Ou(t) 2 e " cos (wt + ¢), (4.1)

where v and w are constants of the order of 1/7., where 7. is given by Eq. 1.57.
The asymptotic behaviour (4.1) represents the slowest-decaying relaxational mode
of the system [45]. Typically, it becomes dominant after a time of the order of
several 7.. Therefore, if one manages to accurately compute C,(t) over the above
initial time interval, then a good overall accuracy is assured. This is what the
hybrid method achieves in a typical setting. (When we mention the long-time
limit, we refer to the times which are still much smaller than 77.)

On the basis of the above consideration, one can anticipate that the hybrid
method would predict the asymptotic time constants v and w with absolute un-
certainty €/7., where € is a number significantly smaller than 1. Yet, such an
uncertainty may lead to noticeable discrepancies in two problematic cases [45]:
In the first of them, the slowest relaxational mode is characterized by v < 1/7,
and hence the relative uncertainty of predicting v may be large [cf. Fig. 4.1(c)|.
In the second problematic case, the asymptotic behaviour is characterized by an
accidental competition between two slowest relaxation modes with exponential
decay constants 7, and 72 such that |y2 — 71| < 1/7.. As a result, the long-time
behaviour can be significantly distorted in an approximate calculation. This latter
case is illustrated in Figs. 4.6(a) and 4.7(b,d), where we find that the competition
between different kinds of asymptotic behaviour is accompanied by larger finite-
size effects for the reference plots, which, in turn, makes the tests of the hybrid

method not fully conclusive.
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Figure 4.1: Correlation functions C, () for one-dimensional periodic chains with
nearest neighbours interactions. The interaction constants are indicated above
each plot. The left column of plots compares the results of hybrid simulations with
the reference plots obtained by direct quantum calculations. The right column
does the same for purely classical simulations. For both hybrid and classical
simulations, the full lattice size is 92. The sizes of quantum clusters in hybrid
simulations and in reference quantum calculations are indicated in the plot legends.
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Figure 4.2: Size dependence of correlation functions C,(t) for one-dimensional

periodic chains with nearest-neighbour interactions obtained from direct quantum
calculations. The interaction constants are the same as in Fig. 4.1. The present
figure illustrates that quantum reference plots used in Fig. 4.1 represent the ther-

modynamic limit.
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both hybrid and classical simulations, the full lattice size is 92. Lines in (a,a’)
labeled as “Analytical” are Gaussians that represent the analytical result for the
spin-1/2 X X chain in the thermodynamic limit [51].
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Figure 4.4:  Correlation functions C,(t) for two-dimensional periodic lattices
with nearest-neighbour interaction. The notations in (a,a’,b,b’) are the same as
in Fig. 4.1. For both hybrid and classical simulations, the full lattice size is 9 x 9.
The shapes of quantum clusters for hybrid simulations are shown in (c).
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thermodynamic limit.
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Figure 4.6: Correlation functions C,(t) for two-dimensional periodic lattices with
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quantum clusters for hybrid simulations are shown in Fig. 4.1(c).
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quantum clusters for hybrid simulations are shown in Fig. 4.1(c).
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Chapter 5

Application of the Hybrid Method
to the calculations of FIDs in real

materials

5.1 FIDs in CaF,

For three-dimensional lattices, direct numerical calculations of references repre-
senting the thermodynamic limit are not feasible, because the required size of
the quantum lattice is too large. Therefore, in this case, we test the Hybrid
Method by comparing its predictions with the results of NMR FID experiments.
Let us consider the case of the benchmark material CaF,. Magnetically active
stable isotope °F has natural abundance 100%. As for the stable isotopes of cal-
cium, the only magnetically active one has the natural abundance 0.14%, thus,
its presence can be safely neglected. The °F nuclei of calcium fluoride have spin
1/2, form a cubic lattice with the lattice parameter a = 2.72 A, and interact via
truncated magnetic-dipolar interaction given by Eq. (1.25), which, in terms of

Hamiltonian (1.52), means that:

v2h(1 — 3cos® b;5)

ri;[®

Ji;=—2J; = =2J); = (5.1)
Here the z-axis is chosen along the direction of external magnetic field By, r;;
is the vector connecting lattice sites ¢ and j, 6;; is the angle between r;; and
By. The gyromagnetic ratio of 'F nuclei is v = 25166.2 rad s™* Oe . (As in
Eq. (1.10), v is the fundamental gyromagnetic ratio. See the footnote in the
discussion corresponding to Eq. (1.10).)

The FID in calcium fluoride was measured very accurately by Engelsberg and

Lowe [52|. In Fig. 5.1, we present the comparison between the experiment and
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the results of the hybrid and the classical simulations for magnetic field By ori-
ented along the [001], [011] and [111] crystal directions. In addition to Fig. 5.1, in
Fig. 5.2, we illustrate the statistical uncertainty of the plots of Fig. 5.1 by includ-
ing the hybrid and the classical plots obtained not only from the full generated
statistics but also from the half of it. (The numbers of computational runs for the
generated statistics are provided in Section A.4). Comparison of the plots with
different statistics indicates that the hybrid plots of Figs. 5.1(b) and 5.1(c) are
subject to statistical errors for times ¢ = 125 us and for ¢t = 160 us respectively.

In this case, classical simulations are known to lead to a good agreement with
experiment — consequence of the relatively large effective number of interacting
neighbours neg [31, 59| defined by Eq. (1.73) [31]. Accoridng to Ref. [31], the
values of neg for [001], [011] and [111] crystal directions are, respectively, 4.9, 9.1,
and 22.2. Given large n.g, the hybrid method was also not expected to generate
predictions very different from the classical ones irrespective of the choice of the
quantum cluster within the method. Specifically, we chose these clusters as fol-
lows: For each orientation of By, the quantum cluster is chosen in the form of a
chain extending along the crystal direction of the strongest nearest-neighbour cou-
pling. We believe this is a reasonable approach to preserve the remaining quantum
correlations. Specifically, for By along the [001] and [111] crystal directions, the
cluster chains extend along the direction of By; for By along the [011] direction,
the chain extends along the [100] direction. The size of the simulated hybrid lat-
tice is 9 X 9 x 9 spins, which is assumed to accurately represent the hybrid lattice
with an infinitely large classical part. This assumption is based on the results
of [31], where no significant difference between 9 x 9 x 9 and 11 x 11 x 11 lattices
was observed for classical simulations.

All three examples in Fig. 5.1 illustrate the predictive uncertainty criterion
formulated earlier, namely, that, for the lattices with a large number of interacting
neighbours, the deviation between the predictions of the hybrid and the classical
methods quantify the uncertainty of either of them. Indeed, the hybrid and the
classical results diverge approximately at the point where they start noticeably
deviating from the experimental result.

More detailed comparison of the tests for [001], [011] and [111] directions pro-
vides further support for the role of large n.g: Since neg is significantly larger for
[011] and [111] than for [001], the initial agreement between the experiment and
both hybrid and classical simulations extends for [011] and [111] over longer ini-
tial time, reaching the regime of the exponential-oscillatory asymptotic behavior
given by Eq. (4.1), which, in turn, leads to the excellent overall agreement even on
semi-logarithmic plots. We note, however, that the statistical uncertainty of the

classical and the hybrid plots grows towards the end of the plotting range and, in
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Figure 5.1: FIDs in CaF; for external magnetic field By along the following crystal
directions: (a) [001]; (b) [011]; (c¢) [111]. Hybrid and classical simulations are
compared with the experimental results of Ref.[52]. For both hybrid and classical
simulations, the full lattice size is 9 x 9 x 9. The quantum cluster in hybrid
simulations was a chain extending along [001] crystal direction in (a); a chain
passing through the entire lattice and oriented along the [100] crystal direction
in (b) and a chain along [111] crystal direction in (c). The insets contain semi-
logarithmic plots of the respective FIDs.
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w, rad/ms | v, 1/ms | ¢ | tg, us

Experiment 152 52 0.57 | 82.95
Hybrid 142 55 0.80 | 87.05
Classical 158 56 0.55 | 82.61

Table 5.1: The values of the parameters 7, w, ¢ and t; obtained from fitting the
functional dependence (4.1) to the FIDs presented on the Fig. 5.1(a). The fitting
plots themselves are presented in Fig. 5.3.

some cases, becomes larger than the thickness of the plotted lines, as illustrated
in Fig. 5.2. This, likely, explains the discrepancies between the experiment and
the simulations for the [011] and [111] directions. However, for the [001] direction,
the small discrepancy between the hybrid and the classical simulations seen on the
semi-logarithmic plot is statistically significant. It leads to small differences be-
tween the parameters characterizing the long-time regime, namely, the constants
of exponential decay and the oscillations frequencies. The small differences of
these parameters then lead to the growing differences between the classical and
the hybrid FIDs at longer times in Fig. 5.1(a). These differences, while barely
visible on the linear plot in Fig. 5.1(a), become amplified on the semi-logarithmic
plot (inset of Fig. 5.1(a)), where the classical simulations exhibit somewhat better
agreement with experiment than the hybrid ones. We believe, however, that this
better agreement is accidental. Firstly, the classical simulations in this case do not
have the required predictive accuracy. Secondly, the classical simulations appear
to perform better, because the phase of the long-time oscillations of the classical
FID matches that of the experimental FID. At the same time, the periods of the
long-time oscillations of classical, hybrid and experimental FIDs appear to be close
to each other. In order to substantiate these views, we extracted the parameters
of the long-time fits (4.1) for classical, hybrid and experimental FIDs. The precise
functional form of the fits is Cq(t) = ¢ - e - sin [w(t — tp)]. The fitting curves
are displayed in Fig. 5.3. The fitting parameters are presented in Table 5.1 There
one can observe that both classical and hybrid calculations predict the long-time
exponential decay constants and frequencies with accuracy 5-7 percent, and the
experimental values fall just into this range.

Beyond CaFy, the hybrid method is supposed to be of the most value in those
cases, where the direct quantum simulations cannot access the thermodynamic
limit for the correlation functions of interest, while, at the same time, the effective
number of interacting neighbours n.g is not large enough to justify purely clas-
sical calculations — for example, three-dimensional lattices that can be divided
into one-dimensional chains with stronger coupling within each chain and weaker

coupling between the chains, such as fluorapatite [60]; or when spins can be di-
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vided into strongly coupled pairs as in *C diamond or ?Si silicon with external
magnetic field along the [111] direction [61, 62|. The performance of the hybrid
method in the above settings is considered in Sections 5.2 and 5.3 of this Chapter.
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Figure 5.2: Illustration of the statistical uncertainty of the hybrid and the classical
plots of CaFy FIDs appearing in Fig.5.1. Here, panels (a), (b) and (c) include
hybrid and classical plots obtained not only from the full generated statistics but
also from the half of it — see the plot legend. The total number of computational
runs corresponding to the full generated statistics is listed in Table A.1.
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Figure 5.3: Long-time fits to the experimental and computed FIDs in CaFy for
external magnetic field By along the [001] crystal direction. The three original
plots are from the semilogarithmic inset of Fig.5.1(a): (a) hybrid calculation, (b)
classical calculation, (c) experiment. The functional form of the fits is Cg(t) =
c-e M. sin[w(t — ty)]. Parameters v, w, ¢ and ¢, are listed in Table 5.1.
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5.2 FID in isotopically enriched 2°Si silicon

The majority of the methods proposed in the past seldom went beyond the case
of FID in calcium fluoride to test their predictions. In order to establish the
validity of the Hybrid Method as a reliable tool for calculations, it is important to
apply the method to the calculation of FID in a material with the magnetic nuclei
arranged in a crystal structure completely different to the one of calcium fluoride.
A good candidate structure to consider is that of a diamond. It is important not
only as another testing ground for FID theories. The study of materials with such
structure gains the significance in light of the development of quantum computers
and quantum sensors based on the impurities introduced into the diamond.

The diamond crystal structure is exhibited, for example, by the materials con-
sisting of the atoms of the 4-th group of the periodic table of elements: C, Si and
Ge. Among them, only carbon and silicon have stable isotopes with nuclear spin
1/2. These are '3C and ?°Si respectively. The natural abundance of these isotopes
is quite low: 1.1% for ¥C and 4.7% for 2°Si. However, crystals enriched to almost
100% abundance of these particular isotopes can be grown artificially.

The FIDs of almost 100% !'3C-enriched diamond were measured in the past
by Lefmann et al. [61], while the FIDs of almost 100% %?Si-enriched silicon were
measured by Verhulst et al. [62]. The FID shapes obtained in both cases are
supposed to coincide provided one of the curves is stretched along the time axis
so that the time-scales are matched. However, the comparison of the results from
experiments of Lefmann et al. and Verhulst et al. indicates the two FIDs do not
quite coincide. Both experiments are not ideal: there is a noticeable discrepancy
between the experimental and the theoretical values of second moments', which is
most prominent for the case of the external magnetic field along the [100] crystal
direction. However, in the case of the ?*Si experiment [62] this discrepancy was
smaller then in the case of the *C experiment [61]. Additionally, Lefmann et al.
used a relatively high repetition rate and their absorption curves exhibit noticeable
asymmetry. Thus, the results of Verhulst et al. appear to be more accurate, so we
use them to test the hybrid method.

On the theoretical side, the FIDs for the diamond lattice were calculated by
Jensen [16] and by Lundin and Zobov [63]. The former paper used an approach
based on the truncation of the continued fraction representation of the Laplace
transform of the FID. The calculation in the latter paper used the scheme intro-
duced in the 1996 paper of Lundin 28], which was based on the hypothesis of the
asymptotic similarity of correlations functions of various orders (see the review of

literature in Section 1.4).

IThe value of the second moment can be computed from the first principles exactly.
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Figure 5.4: Diamond crystal structure. The black arrows represent the primitive
vectors of the lattice.

The diamond crystal structure is presented in Fig. 5.4. It is a face-centered
cubic lattice with a two-site basis. The center of the unit cell is an inversion
center of the lattice. As a consequence, two lattice sites of the unit cell are, in
fact, equivalent.

The primitive vectors of the lattice are

a ~ ap 4 a
L=(a+0b), lh=—=0b+¢), ly=—(a+¢), (5.2)
2 2 2
and two vectors of the basis are:
Qg , 2 o
vo=0, v :Z(a+b+c), (5.3)

where ag is the period of the fcc lattice (see also [7, Chapter 4]). For silicon
diamond ay = 5.431 A. Additionally, we need the value of the gyromagnetic ratio
for 2%Si isotope, which is ¥ = —5319 rad s™' Oe ™.

As in the case of CaFy, we consider three different cases corresponding to the
external magnetic field By parallel to [001], [011], and [111] crystal directions.
These directions are determined with respect to the axes of a cubic unit cell of the
fce lattice. The effective numbers of interacting neighbours in these three cases
are 27.4, 5.9 and 2.4 respectively. According to the investigations of Elsayed and
Fine [31], the classical simulations are expected to perform well when neg > 4. In
the cases where By is along [001] and [011] crystal directions, neg is quite large.
As a consequence, in order to estimate the uncertainty of our simulations, we

chose to compare the results of hybrid simulations with the results of the classical
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Figure 5.5: Schemes of the quantum clusters used for the hybrid simulations: (a)
cluster used for the case when By || [001]; (b) cluster used for the case when
By || [011]; (c), (d) cluster 1 and cluster 2 respectively, used for the case when
By || [111]. Marked sites correspond to the central spins of the clusters.

simulations in these two cases. In the case where By is along [111] crystal direction,
neg 1s small, so that the classical simulations are expected to be inaccurate. Thus,
in order to estimate the uncertainty of our simulations, we chose to compare the
results of two hybrid simulations with the different choices of quantum clusters in
this case. The schemes of the quantum clusters used in the simulations are shown
in Fig. 5.5.

The results of our simulations are presented in Figs. 5.6, 5.7, and 5.8 for exter-
nal magnetic field By along [001], [011] and [111] crystal directions respectively.
All three figures have identical structure. The upper row (frames (a) and (a’))
presents the absorption peak line-shape f(v) defined by Eq. (1.29) (v = u/(27)).
Each of the absorption curves is normalized in such a way that the area under
the curve is equal to one if described in terms of units of the figure axes. The
lower row (frames (b) and (b’)) presents the FID. The left column frames com-
pare the results of our simulations with the experimental data of Verhulst et al.
[62]. The right column frames compare the theoretical predictions of Jensen [16]
and Lundin and Zobov [63] with the same experimental data. For each of the

three specified crystal directions, Verhulst et al. performed several measurements
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Figure 5.6: Absorption peak lineshape (a),(a’) and FID (b),(b’) in ?°Si diamond
for By along [001] crystal direction. In the left column, we present the comparison
of the hybrid and the classical simulations with two experimental curves of Verhulst
et al. for the same orientation of the magnetic field. In the right column, we
present the comparison of the theoretical predictions of Jensen and Lundin and
Zobov with the same experimental data. The scheme of the quantum cluster used
in the hybrid simulation is displayed in Fig. 5.5(a).

for external magnetic field oriented nearly along the indicated crystal direction
and its symmetrical equivalents. In each of the cases, these several measurements
produced slightly different results. These deviations can be attributed to the in-
accuracies in the positioning of the sample. In order to quantify the experimental
uncertainty, for each of the crystal directions we chose two experimental curves for
magnetic fields along this direction or its equivalents (labelled as “experiment1”
and “experiment2” in the plot legends).

Let us also specify the details of our simulations. For By along [001] and [011]
crystal directions, we used the freedom in the choice of the basis and the primitive
vectors to specify the full lattice. Instead of the two-site basis cell (see Eq. 5.3)

we used an eight-site basis cell containing original two-node basis cell and its three
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Figure 5.7: Absorption peak line-shape (a),(a’) and FID (b),(b’) in #Si diamond
for By along [011] crystal direction. In the left column, we present the comparison
of the hybrid and the classical simulations with two experimental curves of Verhulst
et al. for the same orientation of the magnetic field. In the right column, we
present the comparison of the theoretical predictions of Jensen and Lundin and
Zobov with the same experimental data. The scheme of the quantum cluster used
in the hybrid simulation is displayed in Fig. 5.5(b).

translations by the original primitive vectors (Eq. 5.2):

’ / ! /
vy = vy, Vy=vo+1li, vi=vo+1ly, v5=vo+lIs,

’ ’ ’ ’ (54)
v = vy, 'U3:'Ul+l1, 'U5:'Ul+l2, ’U7:'U1+l3.
The corresponding set of primitive vectors was
U'=aa, Uy=ab, I}=aé (5.5)

The full lattice size for the hybrid and the classical simulations was 7 x 7 x 7 eight-
site basis cells including 2744 lattice sites in total. Periodic boundary conditions
were used with respect to the new set of primitive vectors.

For the orientation of external magnetic field By along the [001] crystal direc-
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Figure 5.8: Absorption peak line-shape (a),(a’) and FID (b),(b’) in #Si diamond
for By along [111] crystal direction. In the left column, we present the comparison
of the hybrid simulations for two choices of the quantum cluster and of the classical
simulations with two experimental curves of Verhulst et al. for the same orienta-
tion of the magnetic field. In the right column, we present the comparison of the
theoretical predictions of Jensen and Lundin and Zobov with the same experimen-
tal data. The schemes of the quantum clusters used in the hybrid simulations are

displayed in Figs. 5.5(c,d).

tion, we chose the zero site of the basis cell (specified by v{) as a central spin
in Eq. (3.15) to correlate with the rest of the lattice. In order to construct the
quantum cluster, we took the central spin and added 8 spins with which its inter-
action was the strongest. If we identify the origin of the coordinate system with
the position of the central spin, the coordinates of the spins of the cluster in units

of aq are:

[0.0,0.0,0.0], [~0.5,—0.5,0.0],  [0.5,—0.5,0.0],
[0.5,0.5,0.0,  [0.5,0.5,0.0], [—0.25, —0.25, —0.75], (5.6)
0.25,—0.25,0.75], [—0.25,0.25,0.75], [0.25,0.25, —0.75].

The scheme of the cluster is presented in Fig. 5.5 (a).
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For the orientation of external magnetic field By along the [011] crystal direc-
tion, we chose two sites of the basis cell, specified by v{ and v{, as the central
spins in Eq. (3.15) to correlate with the rest of the lattice. The quantum cluster
was comprised of these two central spins and 8 spins with which their interaction
was the strongest. If we identify the origin with the node specified by vy, the

coordinates of the spins of the quantum cluster in units of aq are:

0.0, 0.0, 0.0], [0.25,0.25, 0.25], [0.5,0.0,0.5],

0.0,0.5,0.5], [0.5,0.5,0.0], 0.25,0.75,0.75], 57)
[—0.25,0.25, —0.25], [—0.25,—0.25,0.25], [0.25,—0.25,—0.25],

0.0, —0.5, —0.5].

The scheme of the cluster is presented in Fig. 5.5 (b).

For the orientation of external magnetic field By along the [111] crystal direc-
tion, we specified the lattice with the help of the original two-site basis cell and
the original set of primitive vectors (see Egs. 5.2 and 5.3). The full lattice size for
the hybrid and the classical simulations was 9 x 9 x 9 two-site cells including 1458
lattice sites in total. In this particular case, the strongest interaction is between
the spins of the same two-site cell. The next in strength interactions are between
the nearest spins of the different two-site cells. The schemes of cluster 1 and clus-
ter 2 are presented in Fig. 5.5 (c¢) and (d) respectively. We chose the quantum
cluster 1 to contain a two-site cell and its translations by primitive vectors and
their inverses, 7 pairs in total. In the FID calculation, the central spin pair of the
cluster was correlated with the rest of the lattice (see Eq. (3.15)). Cluster 2 was
obtained from cluster 1 by leaving only three two-node cells obtained by primitive
vectors translations; all three pairs were correlated with the rest of the lattice in
the FID calculation (see Eq. (3.15)).

Conclusive analysis of the results of our simulations is hindered by the in-
accuracies of the experimental data. There are large discrepancies between the
experimental second moments M$ and the theoretical second moments M. For By
along the [111], [011] and [001] crystal directions, the relative difference M%\;%Mé
takes the values 0.35, 0.4 and 1.73 respectively. Additionally, the experimental

results exhibit noticeable uncertainties.

For By along the [111], [011] crystal directions, the discrepancy in the second
moments is small relative to its value for By along the [001] crystal direction.
Therefore, we believe it is reasonable to compare the theoretical predictions with
experiment at least for the cases where By is along the [111], [011] crystal direc-
tions. In both cases, the agreement between the results of our simulations and the

experimental data is very good. The deviations are of the order of experimental
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uncertainty. At the same time, the theoretical predictions of Jensen and of Lundin
and Zobov exhibit noticeably larger deviations from the experimental data.
Overall, the case of By along the [111] crystal direction is the most interesting
to discriminate between theoretical predictions, because n.g is the smallest in this
case. Although the conclusive discrimination between the theoretical methods can
be made only once more accurate experiments are conducted, the results of our

simulations look very promising at this stage.

5.3 Calculation of FID in the presence of disorder
and unlike spins: the case of calcium fluorap-

atite.

Calcium Fluorapatite Ca;q(POy4)gF2 is a material naturally used to study spin
dynamics in low-dimensional systems [64, 65, 66, 67, 68, 69, 70]: The fluorine
nuclei are arranged in parallel chains. For the orientation of the external magnetic
field parallel to the chains, the interactions between them are much smaller than
the interaction within the chain. As a result, calcium fluorapatite serves as an
example of a quasi one-dimensional system.

Application of the Hybrid Method to the simulation of fluorine FID in flu-
orapatite pursues several goals. First of all, the effective number of interacting
neighbours neg &~ 2, so this is a natural case when we expect the Hybrid Method
to be particularly useful. Secondly, our approach allows us to fully consider the
three-dimensional geometry of the crystal, which also enables us to quantify the
uncertainty introduced when we neglect the interaction between different fluorine
chains. Finally, accurate calculation of the FID requires taking into account the
presence of phosphorus spins and of the lattice disorder.

The FID in fluorapatite for the direction of the magnetic field parallel to the
fluorine chains has been measured by Engelsberg, Lowe and Carolan [60]. We

compare the experimental data of this paper with the results of our simulations.

5.3.1 Structure of calcium fluorapatite

The magnetically active isotopes of calcium and oxygen have natural abundances
less then 1%, hence, we can neglect them. At the same time, the naturally
abundant stable isotopes F and 3!'P have spins 1/2 and abundances close to
100%. Their gyromagnetic ratios are yp = 25166.2 rad s™* Oe™! and vp =
10829.1 rad s~ Oe™! respectively. Thus, we consider only the subsystems of flu-

orine and phosphorus nuclei.
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Figure 5.9: Scheme of a unit cell of fluorapatite in two different projections ((a)
and (b)). Only F (blue) and P (red) atoms are shown.

Fluorapatite has the hexagonal crystal structure with the space group P63/m [71].
The lattice parameters are a = b = 9.462 A and ¢ = 6.849 A. The c-axis is or-
thogonal to the (a,b) plane and the angle between two primitive vectors a and b
is 120°. The basis cell of the sublattice of magnetically active nuclei contains two
F nuclei at positions

[0.0,0.0,0.25], [0.0,0.0,0.75] (5.8)

and six P nuclei at positions

[z, y,0.25], 1—y,x—19y,025], [y—=z,1—x0.25]

(5.9)
1—z,1—y,0.75], [y,y—2.0.75], [z —y,x,0.75],

where x = 0.369 and y = 0.3985. The coordinates are given in terms of the basis
of primitive vectors a, b and ¢. An illustration of the unit cell of fluorapatite is
presented in Fig. 5.9. The positions of the 'F nuclei inside the basis cell are, in
fact, equivalent, since they are transformed into each other by the action of the
discrete symmetries of the lattice. Similarly, the positions of the 3'P nuclei inside
the basis cell are equivalent too.

The YF atoms are arranged in parallel chains with the inter-chain distance
between atoms being approximately 2.8 times larger than the intra-chain one.

3_in the case when the

Since the magnetic dipolar-dipolar interaction scales as r~
external magnetic field is parallel to the chains, the largest value of intra-chain
coupling is at least 21 times smaller than the nearest-neighbour coupling inside a
chain. Thus, fluorapatite serves as a natural realisation of a quasi-one-dimensional

system.
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5.3.2 Defects and disorder

The main type of defects in fluorapatite is the substitutions of F~ ions by other X~
ions. Usually F~ ions are substituted by Cl~ ions or by hydroxyl groups (OH)~
[71]. The presence of defects disrupts the fluorine chains and, in principle, leads
to the adjustment of the positions of the neighbouring atoms. The picture is fur-
ther complicated by the fact that both protons of the (OH)~ group and stable
isotopes of chlorine are magnetically active. If we assume the concentration of
the defects to be small, we can neglect the interaction between spatially separated
defect spins. These unlike spins then lead to the inhomogeneous broadening of
the z-components of the local magnetic fields sensed by the neighbouring F and
31P nuclei. An accurate calculation of FID should account for all of the mentioned
effects. To the best of our knowledge, there is no detailed data about the con-
centrations of different types of defects in the sample used in the experiment [60],
or about the adjustment of the positions of atoms due to the presence of defects.
In principle, the concentration of defects can be estimated from the comparison
of the experimental second moment with the theoretical one, however, in order
to do that, the knowledge about the relative concentrations of different types of
defects is required. Nevertheless, we can still hope that it is possible to obtain
qualitatively accurate results if we neglect these two effects.

The disorder in fluorapatite is often approximated by the so-called random-
cluster model [72]. In the context of this model, the defects are assumed to be
independent and their only effect is assumed to be the introduction of fluorine
vacancies. These vacancies separate fluorine chains into clusters and the inter-
action between different clusters is neglected. Our simulations are based on this
model. However, we do not neglect the interaction between clusters since the
Hybrid Method allows to take it into account.

Let us consider some particular realization of disorder in the system. It can be
specified by introducing a set of independent random binary variables {p;}, which
take value 0 with probability p and value 1 with probability (1 — p). Here i is
the index of the fluorine lattice site and p is the concentration of defects. The
values p; = 1 or p;0 correspond to the spin being either present or absent on site
i respectively. As a result, the terms H'sg and HY; of the full truncated dipolar-

dipolar Hamiltonian given by Eq. (1.44) become renormalized (see Section 1.2.4):

2 2
’}/F(1—3COS 91]) z Qz 1 T QT
Higs = ;_pipj SiS; = 5(SrS7 + SIS (5.10)
2(1 — 3 cos 20,
= ZpﬂP( . k)Sf],j, (5.11)
ik ik
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where S¢ are operators of '"F spins and I are operators of *'P spins. The
definition of the auto-correlation function measured in experiment is also changed
accordingly:

C,(t) = Tr . (5.12)

ei'Hfﬁpt <Z pZSZx) e—i'H:ﬁpt (Z pjsjz>
i J

Here we took into account that the operator of of the total spin polarization

acquires the form

Mo =) piSe. (5.13)

Let us imagine dividing the sample into many pieces, which are macroscopic but
still small in comparison to the sample size. In such a case, the contributions
from the different pieces in Eq. (5.12) will be uncorrelated due to their macro-
scopic sizes, so that the full auto-correlation function reduces to the sum over
auto-correlation functions of each of the pieces, which is, essentially, equivalent to
disorder averaging. Henceforth, we replace Eq. (5.12) with its disorder average.
The disorder averaging restores the translational invariance of the system. It
means, that, as in the case of no disorder, we can define C,(t) by correlating the
contribution of some subset Q' of lattice sites with the rest of the lattice (see

Eq. (1.60) and the discussion preceding to it):

oMbyt <Z pﬂf) o~ Haipt (Z ij;_v>] > , (5.14)
icQ’ Y {r}

where (--- ), denotes the disorder averaging.

N
Ci(t) = N <Tr

Q/

The scheme of the hybrid simulations can be generalised to treat the disorder
in the following manner. Assuming that there is no disorder at first, one needs to
specify the full size of the lattice with periodic boundary conditions. Let us denote
by L the set of all lattice sites. Then one needs to choose the subset Q € L of
lattice sites which serve as the quantum cluster. Correspondingly, the lattice sites
of the subset C = £\ Q contain the spins of the classical environment. Additionally,
one needs to specify the subset Q' € Q of central spins of the cluster, which we
correlate with the rest of the lattice (see Eq. (3.15)). A realization of the disorder
is generated by removing each of the spins from the system with probability p
determined by the specified concentration of defects. Let £’ € £ denote the subset
of the lattice sites with spins present. The resulting hybrid lattice is determined
by the subsets Q| L', C( L and Q' (L. For each of the simulation runs, one
generates a realization of disorder, samples the infinite temperature initial state of

the resulting hybrid lattice, runs the simulation and calculates the unnormalized
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Figure 5.10: 9F FID in fluorapatite. See the text for the explanation of the plot
legend.

correlation function. The correlation function is then averaged over all the runs.

5.3.3 Results

The comparison of the results of our simulations with the experimental data of
the paper [60] is presented in Fig. 5.10. We considered the simulations for a series

of models, which are gradually getting more and more realistic:

(I) single fluorine chain without any disorder or unlike spins;

(IT) three-dimensional fluorine sublattice without disorder and unlike spins;
(IIT) full three-dimensional lattice with unlike spins, but no disorder
(IV) full three-dimensional lattice with unlike spins and disorder

The details of the hybrid lattices used are the following. The fluorine sublattice can
be defined as a lattice with single-site basis cell and the set of primitive vectors a,
b and ¢/2. The hybrid simulation for a single fluorine chain used a chain of length
201 with periodic boundary conditions; the size of the quantum cluster was 12.
For the second model, the lattice with the size 7 x 7 x 13 was used and the quantum
cluster was chosen in the form of a single fluorine chain. For the last two models,

which also contained unlike spins of phosphorus, we used the lattice characterized
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by the original basis cell and set of primitive vectors described in Section 5.3.1.
The size of the lattice was 9 x 9 x 7 basis cells in both cases. The quantum cluster
was again chosen as a single chain of fluorine spins. The concentration of defects p
was estimated from the comparison of experimental and theoretical values of the
second moment. This estimate gave p = 0.077.

The results of simulations of a single fluorine chain and multiple interacting
fluorine chains nearly coincide with each other. This fact proves, that the usual
approximation of the non-interacting chains is valid at least on the time-scales
considered in the simulations.

Overall, the agreement between the most sophisticated model (IV) and the
experimental data is satisfactory. However, there is still a noticeable discrepancy.
This discrepancy is of the same order as the deviations between the results ob-
tained for different models, which allows us to conclude that the results obtained
for the model (IV) are within the experimental uncertainty associated with the
insufficient information about the structure of the sample. Therefore, we believe
that this discrepancy may be not due to some deficiency of the hybrid method, but
rather it is an indicator of the fact that the model we simulated was not realistic
enough.

In conclusion, we should note, that the results of our simulations should be
considered as the predictions for future experiments with better control of the

sample structure.
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Chapter 6

Analysis of the Hybrid Method

6.1 Symmetry of the hybrid correlation functions

Similarly to the purely quantum and purely classical cases (see Section 2.6), it

is convenient to study the two-spin correlation functions since other correlation

functions of interest are constructed as the linear combinations of the former ones.

For a hybrid lattice, we can define them as

e (1) = |mem()]

’ i.c.

where either

M (t) = v/ Do+ 1-(()[S7 (1) = v/ Do +1-(9[S7 (1) |¢),

or

Mo(t) = s2(t),  ifieC.

m

Here we prove that these functions are even functions of time.

(6.1)

ifieQ, (6.2)

(6.3)

In this section, it is convenient to describe the state of the quantum cluster in

Schrodinger representation and use the system of Egs. (3.9), (3.6) to define the

dynamics. The hybrid lattice is still time-reversal invariant: if {|1(t)), s&,(¢)} is the

solution of the system (3.9), (3.6), then its time-reversal partner {©|¢(—t)), —s& (—t)}

is also a solution. In order to show it, let us write explicitly

t

0(t)) = Uy {52 (7)} ) = Texp | —i / dHo (1) | [0) =

t i,jeQ

— Texp | —i / dt’(Z JﬁijS?—th%'»si) ), (64)

0 1<j,o i€Q
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and
t

W-0) =t (s ) = Texo |1 [ atHo(-t) |10 (65)
0
where 7 is the time-ordering operator applied to the values of #. Now, we can do

the following exact manipulations:

[0(t)) = Oly(—t)) =

t

=0U_,{s2(1)} ©7'6y) = T exp —i/dt’@?—[g(—t')@_l ) =

0
t 0,j€Q
=T exp —z’/dt’ (Z J2SeSE =3 (=h§Q(~t))) - si) oY) =
0

1<j,a i€Q

= U {=s,(=7)} Bl¢). (6.6)

At the same time, since ©S0O~! = —S% we get with the use of identity (2.44):

WOISD(E) = — (W (=1)|057O 7 [(—1)) = —(w(=t)[SF|e(~1).  (6.7)

If we substitute Eq.(6.7) together with {—s% (—t)} into Eq. (3.6) for classical spins,
we will find that Eq. (3.6) is satisfied too.

As we see, if the solution {|i(t)),s% ()} corresponds to initial conditions
{|1), z% }, then its time-reversal partner corresponds to initial conditions {©|), —z& }.

For the former trajectory, we can track the projections of different spins:

VDo + 1S (O)|)  and  s7(2). (6.8)

The strategy of our proof is the same as for the purely quantum and purely classical
cases (see Section 2.6). First, we show, that if we traverse the partner trajectory
backwards in time, we observe the same projections of spins but with a negative
sign. Then we use the invariance of the distribution of the initial conditions with
respect to the time-reversal.

For the classical part of the system we can immediately write

©
S (— >|s°‘ (o)f—b»l;i = ()‘S%L(O) xa (6.9)
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The analogous identity for the projections of quantum spins follows from Eq. (6.7):

(OUISP(D|OV)] s (0)=—ag, = (P(B)IST0(E))
= —(@(=0)[57 (1)) = = (WIST(=D)|¢) 0 (0)=ag »  (6:10)

or, equivalently,

(OY] = SF(=1)[OV) |0 (0)=—ag, = (WIS (ON)] g, 0)=ag, - (6.11)

Now we can substitute Egs. (6.9) and (6.11) into Eqs. (6.1), (6.2) and (6.3):

meomo)], = [rrolhim o] -
= [ ool -
= [ a0 =] 1

m

The transformation {|), 28} — {O[¢), —x2 } and its inverse leave the distribution

of initial conditions invariant. As a consequence, in Eq. (6.12),

m

1)
[ P (=) o= o (0) [ *@Iw]

—rQ
Z Ia

— (ol ole )" = recomio)] . 61

i.c.

Combining Egs. (6.12) and (6.13) together, we, finally, prove that

¢l (t) = €P (). (6.14)

Z7] /L?]

6.2 Moment expansion

In this section, we extend the treatment of the Taylor expansions of the classical
and quantum correlation functions by Lundin and Zobov [59] to the case of the
hybrid lattice.

Let us consider a quantum, a classical and a hybrid lattices which correspond
to each other. By correspondence I mean the following: The equations (3.1),
(3.2) uniquely define the hybrid lattice corresponding to the original quantum
lattice provided we fix the choice of the quantum cluster. Analogously, if we
choose the quantum cluster to consist of no spins at all, then the same equations
uniquely define the corresponding classical lattice. These corresponding to each

other lattices have the same full size.
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We can analyze the agreement between the two-spin correlation functions
CE‘]’-B(t), czf(t) and Qﬁzf(t) given by Eqs. (2.40), (2.49) and (6.1) respectively in
all three cases by comparing their Taylor expansions at ¢ = 0. In this regard, we
should note that since these are even functions of time (see Sections 2.6 and 6.1),
the odd terms vanish, and we need to compare only the even terms in the expan-
sions. Additionally, we should restrict ourselves only to the correlation functions
with a = 5. It follows from the special form of the original quantum Hamiltonian
(1.52) where only the spin projections on the same axis have non-zero correlations.
If a # 3, then we can rotate all the spins by 7 around a-axis. This procedure
leaves the distribution of initial states unchanged in all three cases so that we
expect that such a transformation leaves the correlation functions unchanged too.
At the same time, the Hamiltonians stay invariant, but 8 spin projections change
the sign, which allows us to conclude that the correlation functions should also
change sign. The only possibility the two arguments can coexist is for this corre-
lation functions with a@ # 3 to be equal to zero.

In the following discussion, it is also convenient to fix the index 7 in Egs.
(2.40), (2.49) and (6.1) in such a way that it corresponds to one of the central
spins of the quantum cluster in the hybrid case. Only such two-spin correlation
functions contribute to the hybrid correlation function (3.15). With this choice of

the index ¢ we can explicitly express the hybrid two-spin correlation function as
e (t) = { /Do + 1wISe (1)) - M5(0)} (6.15)

6.2.1 Taylor expansion in the quantum and the classical

cases

The coefficient Cs,, of the Taylor series of C;*(t) is defined as:

dQ”C%O‘ (1)

Con o = (M, [iH . [, S8 ). 1) S9). (6.16)
~ —~—

-

t=0 2n times 2n times

At each level of the nested commutators, the Hamiltonian is commuted with an
expression containing a linear combination of products of spin operators. The
commutation of Hamiltonian with the product of spin operators produces a num-
ber of terms where the Hamiltonian is commuted with each of the spin operators

in the product (it works like Leibniz rule for differentiation):

[iH, 521582 .. 5% =
— [iH, 521502 S 4 SUIH, S22 LSS 4L 4+ SN [iH, S, (6.17)
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Overall, we can formulate the process of taking 2n commutators as an iterative
procedure with the help of Eq. (1.54):

(M, Sp) == > JeP80S). (6.18)
I#k,Byy

At each step of the procedure we pick a spin operator Sy to “differentiate” and
particular component of the local magnetic field produced by the spin operator
S} as the source of “differentiation”. After we walk through all of the 2n steps,
we can perform the summation over the different choices of the spin projection
to differentiate and different choices of the source of the differentiation. The

expression we obtain this way is

_ E § E . o . s a1 Qo Q2an+1 Qo
CQn == K(Zl,Oél,ZQ,OQ,... 712”+17a2”+1><5i115i22"'Signil Sj>,
11,01 12,02 12n+1,02n+1

(6.19)
where the factors K (i1, a1, o . .. ;ia,, ag,) are made of the coupling constants,
Levi-Civita symbols and factors —1.

We can repeat the same steps for the corresponding purely classical lattice.
Since the Eq. (1.70) governing the differentiation in this case is algebraically
identical to Eq. (1.54) governing differentiation in the quantum case, for the
coefficient cy,, of the Taylor series of ¢} (t), we get

d el (t)

1,J

dth

t=0
_ N . . . a ] o a2n+4+1
— § g E K (i1, ay;i9, 005 . .. 3 lont1, @2pt1) [sil Siy e Signin ST

. . . 2.C.
11,001 12,02 12n+1,02n+1

Cop =

(6.20)

Note that due to the mentioned algebraic similarity, the factors K (i1, aq; iz, as;
. lon, Qig,) are the same as in the corresponding quantum expression.

Both the quantum average (. .. ) and the classical average over initial conditions
[...];. in Egs. (6.19) and (6.20) respectively decouple into product of averages
over each of the lattice sites. In order to clarify this point, let us first consider
a quantum average (0;, O, ...O; ), where O;, is a product of spin operators on
lattice site 7. The Hilbert space of the lattice is the tensor product of the Hilbert
spaces of each of the lattice sites. As a consequence, we can reexpress the trace

Tr[...] over the Hilbert space of the lattice in terms of the traces Tr;[...] over
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the Hilbert spaces of each of the lattice sites:

Tr [O“ Oig .. Oln]

(0,0, ...0;,) = 251 Y _
B Tl'il [O“] . ’I‘I'i2 [(912] CaaLt TI'Z'n [Ozn] . Trﬁ/il,lé,---,in [1] B
B (25 +1)N B
rI‘I'i1 [Ol] ']:‘I‘i2 [02] TI'Z‘n [On] — 0 ) ) 6.91
e e 2 (00 (Od)i o (O (621
Here Trz/i, 4y, in |- - -] is the trace over the lattice sites with no spin operators,

[1] = (25 + 1)V, By analogy, we

can consider the corresponding classical average [0;,0;, . .. O]

and we took into account that Trg,,

7;27"'7'5'71

i o, Where O; is a
product of classical spin projections on lattice site ¢,. Since the distributions of
initial conditions for each of the classical spins are uncorrelated, the averages over

each of the spins can be performed independently:

01,04, .01, = [0a]™ - [0L]2 ... [0:]™ . (6.22)

i.C. .C. i.C. i.C.

In the classical case, the average over the lattice site can be non-zero only if
each of the spin projections is encountered an even number of times in expression
(6.20). In the quantum case, certain combinations of odd powers of spin projection
operators can average to a non-zero value. Still, we need at least two operators
on the same lattice site for the average to be possibly non-zero. So the number of
independent summations in Eqgs. (6.19) and (6.20) is at most n.

Lundin and Zobov [59] noticed that there is an important class of non-zero
terms in Eqgs. (6.19) and (6.20) which coincide in the quantum and the classical
case. This class is comprised of the terms which have precisely two identical
spin projections on each of the lattice sites encountered in the product of spin
variables at the right-hand sides of Egs. (6.19) and (6.20) (it corresponds to the
maximal possible number of independent summations in a non-zero term). When
we re-express the average of the combination of spin projections as the product
of averages over each of the lattice sites, for the lattice site 7 encountered in the
combination the corresponding average over the Hilbert space of this site (...); in

the quantum case takes the form

o mr[sese] T [;S?/S?/] T[S(S+1)] S(5+1)
SE 25S+1)  3(2S+1)  3(25+1) 3 (6:23)

Analogously, in the classical case, the same average over the lattice site i takes
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the form: ,
. 1 L Sss+)
[s{'s; ]zc = 3 [Z Si S ] | = T3 (6.24)

As we see, the result is the same as in the qunatum case (6.23). As a consequence,
the terms of (6.19) and (6.20) which are decoupled into averages of this form have
the same value both in the classical and the quantum case.

When the effective number of interacting neighbours neg (see Eq. (1.73)) is
very large, the probability to have more than two spin projections on the same
lattice sites becomes low, so that the sums in Eqgs. (6.19) and (6.20) are dominated

by the terms which coincide in the quantum and the classical cases.

6.2.2 Taylor expansion in the hybrid case

These considerations can be extended to the case of the hybrid lattice in a similar
manner. Similarly to the quantum and the classical cases, we define the coefficient

&, of the Taylor expansion of the hybrid correlation function le‘:’ I

B > e (t)

= .2
Q:Qn dt2" (6 5)

t=0

Again, Egs. (3.5) and (3.6) governing the differentiation in this case have the
same algebraical structure as Egs. (1.54) and (1.70) in the quantum and the clas-
sical cases respectively. As a result, for the coefficient &,,, we get an expression
similar in structure to Egs. (6.19) and (6.20) and with the same factors K(...).
The main difference is in the structure of the average of the spin projections
combination. For the hybrid lattice, it contains both classical spin projections
and quantum spin projection operators grouped into several quantum expectation
values.

To illustrate the point, let us look at an example of a term appearing in €.

Suppose we consider the calculation of expansion of

¢ (t) = [\/DQ + L[ SF (1)) /Do + 1(¢|Sf]w>] . forjeQ  (6.26)

i.C.

We can consider the following sequence of four “differentiations” of \/Dg +1 -
AEHOIDE

e “differentiate” by —J7.5%(t) for j € Q:

%170

VDo + L([SF(1)[¢) — —J7;e""*/ Do + L [S7 ()55 (1)|¢).  (6.27)
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o “differentiate” S7(t) by —J};sg(t) for k € C:

— J7 €7/ Do + 1| S] (1) S5 (1)) —
— (=1)2J7 V2 J5,e5Y /Do + 1| SY(4)SY () [4) sk (t).  (6.28)

o “differentiate” sf(t) by —J; ;57 (t):

(=1)2J7e™ P 7™/ Dg + (Y| SY (1) S} () [) s (t) —

— 3 7z T,Y,2 JT 2,9,x 7Y T,z
— (=1)° e T e T e

-/ Do + 1|5} () S (1)) s (t) v/ D + 1 [S7 (B)|1h). (6.29)
o “differentiate” S¥(t) by —J7,si(t):

J— 3 72 x,Y,z JT 2,4, Y :E7zyy,
(=1)°J7 g™ J5 g™V I} e

VDo + L(W|S5{ ()57 (O)[¢) sk () v/ Do + L[ SF (H)[) —

_ 4 72 x, Y,z JT z2,Y,x 7Y T,2,Yy T2 y,Z',Z.

-V Do+ L[S ()57 (0)[9) sk (8)sk(t) v/ Do + L[ ST (#)[4). (6.30)

The corresponding term in €4 has the form

— 472 Z,Y,z JT Y, JY x,2,Y 72 .
(—1) Ji e Jie le.e I

| VDa LISy} VDo IS Do+ 1wIS; 1) | [sisili.. (6:31)

Notice that when we “differentiate” a quantum spin operator by another quantum
spin operator, the latter one is multiplied inside the same quantum expectation
value. When we “differentiate” a classical spin by a quantum spin operator, we
get another quantum expectation value with its accompanying factor v/Dg + 1.

Finally, the cluster part [...], of the average over initial conditions can be
evaluated with the help of Egs. (2.4), (2.5), (2.7) and (2.39).

6.2.3 Analysis of the expansion in the hybrid case

The detailed analysis of the terms arising in the hybrid case is complicated by the
nontrivial structure of the averages of several quantum expectation values.

If we compare analogous terms in the hybrid expansion and in the classical
expansion, the averages over the lattice sites of the classical environment are iden-
tical in both cases. Yet, we can expect an improvement in the hybrid case if the

averages over the lattice sites inside the quantum cluster are the same as in the
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purely quantum case.

In this regard, we can expect an improvement in the two following cases:

()

(IT)

The average of the cluster part takes the form

VDo + 1 Al) /Do + 1<¢\5|¢>]w, (6.32)
where Tr [A] = Tr [B] = 0. Then,

(Do + 1) Tt [AB]
Do(Do + 1)

— (AB).
(6.33)

VDo + Ll A) VDo + LwiBlu)| =

The average of the cluster part takes the form

(D + 1)” [{o[ A1) (0| Bi[) ([ A2|) (0| Ba| ) ... (] Ap ) (W] By i),
(6.34)
where Tr [Ay] = Tr[By] = ... = Tr[A,)] = Tr[B,] = 0, but Tr [A,B,] # 0
for 1 < r < p. Additionally, we assume that 2p < D and there is no other
way to pair up operators so that we get non-zero traces. Notice that the
former condition is not really a strong constraint because the Hilbert space

dimensionality grows exponentially with the size of the cluster.

When we take the average in Eq. (6.34), we need to sum over all the splittings
of the operators A, and B, between different traces. The largest contribution
comes from the term with the maximal number of traces, because each of
the traces acts as an additional factor of Dg (all the other terms are smaller
by the factor of at least 1/Dg)!. Due to the restrictions we imposed, such
a term would have each A, paired with B, inside the trace. As a result, we

can write Eq. (6.34) approximately as?

(Dg +1)PT'(Dg)

Tr [A1 8] Tr [AxBs] ... Tr [A,B,] =

['(Dg + 2p)
(Do +1)’I'(Dg)
~ T(Dg +2p) Dy Te[ABiAB, ... AB,| =
2p—1
~ DQQP Tr [A1B1ABs ... A By = (A1 B1ABsy ... AB,).  (6.35)
Q

1For spins 1/2, if we decompose the trace into traces over the Hilbert spaces of each of the
lattice sites, the only way we can get a non-zero value is if the product of spin operators on each
of the sites is proportional to the unit operator. Now, if we have a non-zero product of traces,
we can reexpress it as one single trace, but each additional trace would give us a factor of Dg

2In some sense, the case (I) seems to coincide with the case (II). However, the equivalency to
the quantum average is exact in the former case, but approximate in the latter one.
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The first type of the cluster average can be encountered, for example, in the
expansion of € (t) for j € Q (see Eq. (6.26)). If in the course of the differentiation
of /Dg + 1{¥|S#(t)|t)) we never leave the quantum cluster or never go back to
the cluster after we left it, then the obtained term has the cluster average precisely
of the form (6.32). In the case where nqg is small, a central spin in the quantum
cluster will be largely correlated with its closest neighbours. At the same time, it is
plausible that in the expansions of the corresponding two-spin correlation functions
the terms with the cluster average of the form (6.32) would play an important
role. Overall, we expect, that the hybrid auto-correlation function (3.15) is a
good approximation to the quantum one in the case of neg being small.

The cluster averages of the form (6.34) naturally arise for the lattices with
very large neg. As we discussed, in this case, the expansions of the correlation
functions are dominated by the terms where we have only two spin variables on
the same lattice site. Let us consider an iterative procedure for one such a term.
Since neg is very large, we also expect that when we differentiate a quantum spin
operator, there would be a high probability that the source of the differentiation
is a classical spin. As a result, there would be a low probability to have more
than one operator in the same quantum expectation value, i.e. a cluster average
part for a typical term would have single spin operators in each of the quantum
expectation values. Combined with the fact that there are only two operators per
lattice site, we get that a probable cluster average would be of the form (6.34).
Since the classical part of the average is also correct in this case, we expect that
the hybrid correlation functions should converge to the quantum ones in the limit
when n.g — +00.

Since the Hybrid Method performs well in the two limiting cases neg is small
and neg is very large, it is plausible to expect that it also performs well for the
intermediate values of n.g.

We should also note that although the Taylor expansions for the hybrid and
the quantum two-spin correlation functions are not exactly the same, their zero-

and second-order coefficients do coincide.
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Chapter 7

Conclusions and outlook

7.1 Conclusions

In this thesis, we developed a method for simulating high-temperature spin dy-
namics, which we applied to the problem of first-principles calculation of FID in
solids. It is a long-standing problem, whose conclusive solution is hindered by the
absence of the clear separation of time scales on the analytical side, and by the
exponential growth of the computing resources with the size of the system on the
numerical side.

The method we proposed is based on approximating the dynamics of a fully
quantum spin lattice by the dynamics of a hybrid spin lattice, consisting of a
cluster of the quantum spins surrounded by an environment of the classical spins.

In order to test its validity, we performed tests for spin lattices of various
dimensions and with various interaction constants. In total, we computed FIDs
for 20 different cases. In almost all considered cases, an excellent performance of
the hybrid method has been observed. To the best of our knowledge, our method
is the most extensively tested one in comparison with other methods developed
for the same problem.

As a part of the tests, we computed the FIDs for real materials. Moreover, we
went beyond the case of CaFy and gave FID predictions for isotopically enriched
29Gi silicon and for calcium fluorapatite Cajo(POy)sFo. Also, on the example of
fluorapatite, we demonstrated how to treat unlike spins and disorder in the context
of our method.

The important feature of the method is that it allows to estimate the uncer-
tainty of its predictions: the comparison of the results of simulations for different
sizes of quantum clusters allows us to determine the time range where the simu-
lation results are reliable. Additionally, in the case where the effective number of

interacting neighbours is large, the same feature can be facilitated by comparing
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the results of classical simulations with the results of hybrid ones.

7.2 Outlook

7.2.1 Possible extensions

The scheme of the hybrid simulations can be applied to the spin lattices with
more general two-spin interactions than in Eq. (1.52). An example here is the
full magnetic dipolar-dipolar interaction which controls the spin relaxation in the
laboratory frame in the absence of external static field. Similarly, the method can
be applied to a spin lattice in the presence of external inhomogeneous magnetic
field. The effects of inhomogeneous chemical and Knight shifts can be taken into
account this way.

Although we considered only spins-1/2 in the thesis, without any modifications,
the Hybrid Method can be applied to the simulation of lattices consisting of large
quantum spins. However, for nuclear spins larger than 1/2, one needs to take
into account the coupling of the quadrupole moments of the nuclei to the local
gradients of the electric field. It is conceptually not difficult to adapt the Hybrid
Method to this case, but the presence of the quadrupole coupling complicate the
description of the system. Yet, we should note that, for materials with a highly
symmetric lattice structure, the positions of the nuclei coincide with the local
extrema of the electrostatic potential, so that there are no electric gradients to
couple to the quadrupole moments of nuclei. Therefore, for such materials, we can
apply the Hybrid Method to large quantum spins without the need to account for
the quadrupole coupling.

The Hybrid Method can be used to describe spin echoes [73],[2, Chapter 8§|.
The experimental setup in the case of spin echo is analogous to the experimental
setup for FID measurements, however, it involves additional resonant pulse, which
produces 7 rotation of spins around the transversal direction. This additional pulse
is applied at time 7 after the initial 7/2 pulse, and the signal is detected at time 7
after the second pulse. The spin echo envelope corresponds to the detected signal
measured as a function of 7. In the context of the hybrid simulations, the 7 pulse
corresponds to the flipping of both quantum and classical spins at time 7. In the
similar manner, it is possible to treat other types of echoes.

The considerations of the thesis can be applied to the systems of localized
electron spins in dielectrics or the mixed systems of interacting nuclear spins and
electron spins. An example of the latter is a nitrogen-vacancy (NV) center in
diamond. NV-centers came into the focus of very active research in recent two

decades due to their record quantum coherence times at room temperature [74].
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The Hybrid Method can be applied to describe the decoherence of the collective
electron spin of the NV-center caused by the spins of *C nuclei and, possibly, by
the electron spins localized on other defects.

Another possible extension is to modify the Hybrid Method to treat finite
temperatures. Experimentally, the dynamics of electron spin lattices at finite
temperatures is accessible by inelastic neutron scattering [75]. On the theoretical
side, the interest in this regard is the following. Low-temperature dynamics is
dominated by the ground state and the low-energy excitations. Essentially, at low
temperatures, the system can be viewed as a gas of excitations. At the same time,
the intermediate temperatures would correspond to a liquid-like dynamics, which
is challenging to describe. Alternatively, we can consider a strongly disordered
spin system. At intermediate temperatures, such a system would exhibit glassy
dynamics. The extension of the Hybrid Method to finite temperatures would en-
able one to simulate the above dynamical regimes. Such an extension requires one
to adjust two elements of hybrid simulations: the generation of initial conditions

and the way the hybrid correlation functions are defined.

7.2.2 Applications

The shape of NMR FID contains information about the coupling constants J;
describing the interactions between the spins. The same is true for spin echoes.
Thus, the calculations afforded by the Hybrid Method can be used in order to
accurately determine Ji*;. The accurate knowledge of J{; can, in turn, be exploited
as follows.

If we can neglect the transferred hyperfine coupling, then J?; corresponds to
the magnetic dipolar-dipolar interaction. In this case, J;*; provide information
about the relative positions of nuclei. Thus, the FID and spin echo measurements
can help one to determine the chemical structure of materials. An example of
such an application can be found in paper |76]. There, NMR spin echo was used
to determine the distance between two carbon nuclei in acetylene CoHy adsorbed
on the platinum catalyst.

In metals, there is a significant contribution to Ji*; due to the transferred
hyperfine coupling. This coupling is sensitive to the spin susceptibility of the
conduction electrons, which is the property important for the characterization of
various magnetic and superconducting materials. Thus, NMR FID and echoes can
be used to probe electronic spin susceptibility, which, for example, has been done

for high-temperature cuprate superconductors |77, 78].
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Appendix A

Details of simulations

A.1 The setup of the simulation schemes

A.1.1 Quantum simulations

The reference simulations of Chapter 4, performed for fully quantum lattices, used
the method of two wave functions propagation introduced by Elsayed and Fine
[37], which we described in Section 1.4.2 (see Eqgs. (1.77), (1.78) and (1.79)).
The typical initial wave function was sampled from the infinite-temperature
distribution by the scheme described in Section 2.1 (see Egs. (2.2), (2.3) and the

corresponding discussion).

A.1.2 Classical simulations

For the simulations of purely classical lattices in Chapters 4 and 5, we integrated
the equations of motion (1.70), (1.71). The initial spin vectors {s,,(0)} were
generated as radius-vectors of points randomly sampled on a sphere of radius
V/S(S+1) = +/3/2 with uniform probability distribution.

To obtain the correlations functions, we used not the definition (1.72), but its
modified form. Both in the quantum and the classical cases, a spin lattice is a
conservative system, which implies that it is invariant with respect to time trans-
lations and that the correlation functions depend only on the difference between

the time arguments of two observables. For a classical spin lattice it means that

Ca(T) = [Ma(T)Ma(0)]; .. = [Ma(t + 7) Ma(t)] vt. (A.1)

i.c.?
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We can also express this property in the form

17 17
- / @t Mt + M) = | / GML(E+ DM | . (A2)

t=0 t=0 i.c.

ca(T) =

In principle, if the system is ergodic and the limit 7" — oo is taken, then the
averaging over the initial conditions is not necessary and the averaging over time
is enough. In practice, however, not all the systems of interest are ergodic, and
even if we are dealing with an ergodic system, the ergodization timescales are
unclear. Nevertheless, it is convenient to perform the additional averaging over
time as a way to improve the efficiency of the averaging procedure. Therefore, we
perform the averaging over both the initial conditions and time.

Let us suppose that we stop our simulations at time T,,... If we want to
calculate the value of correlation function at time 7, we can use all the generated

timeseries M, (t):

Tmax—T
1
) = | / AM(t+T)Mo(t)| . (A3)
t=0 i.c.

The drawback of this approach is that the time averaging of ¢, (7) is almost absent
for the values of 7 close to T,.x. In practice, we can overcome this problem in the
following way: if we want to calculate ¢, (7) in the time window 0 < 7 < Tp, we
just need to choose Ty, > Ty, then we can neglect the change in the quality of
the statistical averaging across the time window 0 < 7 < Tj,.

The equation (A.3) is the form we actually used to calculate the correlation

functions.

A.1.3 Hybrid simulations

For the hybrid simulations, we integrated jointly the system of Egs. (3.9) and (3.6),
which corresponds to the Schrodinger representation for the states of the quantum
cluster.

The initial conditions for the quantum cluster were sampled by the scheme
described in Section 2.1 (see Egs. (2.2), (2.3) and the corresponding discussion).
The initial conditions for the classical part were generated similarly to how they
were generated in the simulations of purely classical lattices (see the previous
subsection A.1.2).

The equations of motion do not contain the time explicitly!, which implies that

LOf course, the Egs. (3.9) and (3.6), describing the dynamics of the quantum and the
classical parts respectively, include explicitly time-dependent terms induced by the other part of
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the dynamics of the individual trajectories of the system are invariant with respect
to the time translations. Also, the dynamics of the quantum part is unitary, and
the dynamics of the classical part is Hamiltonian so that the Liouville theorem is
true, thus, the “uniform” infinite-temperature distribution of initial states is also
invariant under the time translation. As a result, the hybrid correlation function
depends only on the difference in the time arguments of the observables, as in
the purely quantum or the purely classical case. Hence, we can augment the
averaging over initial conditions by the averaging over time, as done in Section
A.1.2 for purely classical simulations.

Additionally, we should note that the definition 3.15 can be symmetrized with
respect to M, (t) and M (¢). Indeed, from the time-reversal symmetry and time-

translational invariance, it follows that

[0, ()M (0)]; .. = MG (—=t)Ma(0)]; . = [(ML(0)Ma(t)];.. - (A.4)
As a consequence, we can rewrite Eq. (3.15) as
N
Co(t) = Ny [90%5, (1)9016,(0) + T, (0)DM (1)) (A.5)

If we combine the time symmetrization with the time averaging, we obtain the
final form of the hybrid correlation functions that we actually used to compute
them:

Calr) =
N 1 Tmax—Td . . . N
" No | 2(Thax — 7) / £, (t+ 7)Da(t) + M, (OMa(t +7)) | (A6)

t=0 i.c.
A.2 Scaling of statistical errors

In Eq. (3.15), we defined the hybrid correlation functions in analogy with the
form (3.12) of the quantum correlation functions. As we point out at the end
of Section 3.2, the averaging over initial conditions would be more efficient had
it been possible to define the hybrid auto-correlation functions on basis of the
form (1.74) of the quantum correlation functions. Let us discuss in details the
difference in the speed of convergence of the averaging procedures in Egs. (3.12)
and (1.74).

For the form (1.74), statistical error scales with the number of computational

the lattice. The system of equations as a whole is, however, autonomous.
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runs R as® 1/ \/m As a consequence, it is enough to perform only one
computational run even for moderately large quantum systems.

For the form (3.12), the statistical error scales only as 1/v/R. The same is true
for the classical and the hybrid correlation functions (see Egs. (3.11) and (3.15)).
As we see, there is no additional factor 1/4/D + 1. As a result, one needs to
perform a lot of computational runs in order to reach a reasonable accuracy.

The averaging over initial conditions in Eq. (3.12) can be combined with the

averaging over time:

Tmax—T

Calr) = | s—— / B+ )Mot + ) OIMal@) | . (AT)

t=0 i.C.

If 7 < Thax, statistical error scales with the number of runs R and the upper limit
of time integration Ty, as 1/ VR - m, where T, is the correlation time.
As Elsayed and Fine showed in [37], one can calculate C,,(7) by using a single
computational run in Eq. (A.7), but the upper limit of integration 7},.x should
be sufficiently large. In practice, however, the averaging over initial conditions is
more efficient than the averaging over time, given it is unclear what is the value

of ..

A.3 Numerical integration of equations of motion

In purely quantum, purely classical and hybrid simulations, the equations of mo-
tion were integrated using explicit Runge-Kutta scheme of 4-th order with the
fixed time step of 277 J~!, or, in some cases, 27¢J~! (to speed up the calcula-
tions). For one-dimensional and two-dimensional lattices, the time unit J~! was
defined as J = /JZ + JZ + JZ, where J,, J,, J. are the nearest-neighbor coupling
constants. In the cases of FID calculations for real materials, the time unit J—!
was defined as J = ~?h%/a3, where 7 is the gyromagnetic ratio of corresponding
nuclei and a, specified the lattice period. For CaF, and 2?Si-enriched silicon ay
was the period of the cubic lattice, for calcium fluorapatite it was the distance
between the neighbouring fluorine nuclei in the chain.

The choice of the time step is discussed in Refs. [37, 31].

In the case of purely classical and hybrid simulations, for each set of initial
conditions, we integrated the dynamical equations up to the time 7),,, ~ 107j,
where Tj was the maximum time for which the correlation function C,(t) was to

be computed. The number of initial conditions was then chosen sufficiently large

2We discussed the scaling of statistical error in the case of a single computational run in
Section 2.3.
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Dim. | Coupling constants Figure Plot type Ne of runs
1.1(a) Hybrid, 14 spins 30000
' Hybrid, 12 spins 13127
4.1(a") Classical 10000
1.3(a) Hybrid, 14 spins 30030
Hybrid, 12 spins 43078
4.3(a") Classical 10000
Hybrid, 16 spins 10860
41(b,c), 4.3(b) Hybrid, 12 spins | 43078

(—0.41,—-0.41,0.82)

1 | (0.707,0.707,0.000)

(0.518,0.830,0.207)

4.1(b' "), 4.3(b") Classical 10000

Hybrid, 4x4 spins 41261

4.4(a) Hybrid, 13 spins 188000

(=0.41,-0.41,0.82) Hybrid, 3x3 spins 76203
4.4(a") Classical 16006

1.7(a) Hybrid, 13 spins 64000

' Hybrid, 3x3 spins 8006
4.7(a) Classical 16000
Hybrid, 4x4 spins 5339
4.4(b), 4.6(a,b) Hybrid, 13 spins 60000
Hybrid, 3x3 spins 8006

(0.707,0.707, 0.00)

(0.518, 0.830, 0.207)

4.4(b"), 4.6(a’,b’) Classical 16006

Hybrid, 4x4 spins 15699

4.7(b,c,d) Hybrid, 13 spins 90000

(0.400,0.900,0.173) Hybrid, 3x3 spins 16000
4.7(b' ¢/, d") Classical 16000

Table A.1: The number of computational runs behind the plotted correlation
functions of Chapter 4. The time length of each run is 107§ or larger, where Ty is
the time range where the correlation function is plotted in the respective figure.

to achieve the target accuracy of C, ().

A.4 Statistics behind the plots

In Tables A.1 and A.2, we list the number of computational runs behind the plots
presented in Chapters 4 and 5 respectively.
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Material By | Figure Plot type Ne of runs
Hybrid 4.3-10°
= = =
[001] | 5.1(a), 5.2(a), 5.3 Classical 10107
Hybrid 3.9-10°
-

CalFy [011] 5.1(b), 5.2(b) Classical 10105
Hybrid 1.1-10°
[111] 5.1(c), 5.2(c) Classical 4.0-10°
Hybrid 382768
[001] 5.6(a,b) Classical 156384
Hybrid 398896
208 [o11] 57(a,b) Classical 168098
Hybrid, cluster 1 331040
[111] 5.8(a,b) Hybrid, cluster 2 647527
Classical 348932

Hybrid, unlike spins
and disorder 281496
Cayp(POy4)sF2 | [001] 5.10 Hybrid, unlike spins 37868
Hybrid 44878
Hybrid, single chain 93562

Table A.2: The number of computational runs behind the plotted correlation
functions of Chapter 5. The time length of each run is 107, where T} is the time
range where the correlation function is plotted in the respective figure.
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Appendix B

Overview of SpinLattice library

Facilitation of the numerical simulations, so different in the type of approximations
and in the character of the lattices considered, required creation of a programming
library combining generality of approach with an efficient code implementation.
SpinLattice library is the result of this endeavor. It is not the most general and,
probably, not the most efficient version of the program that could be written, but

it is certainly a convenient tool.

B.1 The choice of the programming language

The first versions of the library were written in Python language, specifically its
2.7 version. The simulations of Chapter 4 used the Python implementation. More
computationally-demanding simulations of Chapter 5 required heavy optimization
and restructuring of the code. In the process, a decision was made to rewrite the
library in Julia language (version 0.6.x). As a result, the current version of the
library is written in the latter language.

Julia is a relatively new and steadily developing language, which was designed
with numerical simulations and parallelism in mind from the start. It combines
the interactivity and simplicity of Python with the speed and the efficiency of
Fortran or C. Moreover, if one uses it in conjunction with a Jupyter notebook,
then the overall experience is quite close to the one you get while interacting
with Mathematica or Matlab. At the same time, Julia is still a general-purpose
programming language and it is Open Source.

The key feature allowing Julia to be so fast is the multiple dispatch. It means
that the same name can label different functions with different sets of input param-
eters and different behaviour. The choice of the particular function is determined
by the tuple of input argument types. When the function is run in the Julia

interactive shell, the compiler looks at the types of input parameters, chooses a
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particular function and compiles its version, which is optimised for the set of input
types and is as efficient as something one would get by compiling a C or a Fortran
code. Combined with its flexible system of parametric types, it allows one to write
very general and fast code in an economical fashion. One good illustration of the
potential of Julia is JuliaDiffEq library. Among all the different useful elements,
it contains implementations of a multitude of integrators for Ordinary Differential
equations (see https://github.com/JuliaDiffEq/OrdinaryDiffEq. j1), which
are compatible with user-defined Julia structures, provided they have an array
interface. The usefulness of this feature is easily shown, once we consider, for
example, hybrid simulations. The state of the hybrid lattice is parameterized by
a complex array corresponding to the wave function of the quantum cluster and
by three real arrays corresponding to three components of classical spins. If one
were to use Fortran integrator library such as, for example, LSODA, one would
have to put wave function and three components of classical spins into one large
complex array. Not only the efficiency is lost due to storing real values in complex
format, but such a layout of data is also inconvenient to work with. Needless to
say, availability of such a library as JuliaDiffEq was one of the motivations driving

the transition of SpinLattice library to Julia language.

B.2 Quick start guide

Running a simulation with the use of the SpinLattice library is a multi-step
procedure.

First, one needs to specify a Lattice one wants to simulate. In particular, one
needs to specify the set of primitive vectors, coordinates of the lattice nodes in
the unit cell, the coupling constants, and a homogeneous external magnetic field.

The next step is to build the Lattice Problem, or, alternatively, LProblem. This
structure contains information about the Model approximation, the set of correla-
tion functions we want to calculate and about the maximal time we want our sim-
ulation to run. There are four basic variations of Models: Exact, PureClassical,
Clustered and Hybrid. The first two variations correspond to treating the whole
lattice quantum mechanically or classically respectively. Clustered implies a di-
vision of the lattice into identical non-entangled clusters. Finally, Hybrid corre-
sponds to the Hybrid Lattice approximation described in this thesis.

Finally, one can run the simulation of the LProblem. At this step, one can
choose the number of runs for statistical averaging and the integrator from Ju-
liaDiffEq library, which is used to solve the equations of motion. It is also possible
to control the output file and the logging file: after each run, the program makes

an entry into the logging file. The entry contains the information about the serial
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number of the run and about the time it took. The logging file provides the means
to track the simulation progress and to estimate the efficiency of the program.

Let us illustrate the above discussion by several examples of scripts.

Listing B.1: task caf2 001.jl

using SpinLattice

L = Lattice((9,9,9), (-0.5,-0.5,1.0), Interaction(MDI(0,0,1)), (0.,0.,0.))

LP = build_problem(L, SpinLattice.Hybrid(), (1,1,9); Tmax = 6.0, tstep = 2.07-7,
delimeter = 10., links = (:all, :allq)), axes = [:x]);

5 parallel_simulate(LP, 50000, OrdinaryDiffEq.RK4(), SpinLattice.Logger{:local, :file}()

; adaptive=false, dt = LP.tstep)

=W N =

Listing B.2: task caf2 111.jl

using SpinLattice

L = Lattice((9,9,9), (-0.5,-0.5,1.0), Interaction(MDI(1,1,1)), (0.,0.,0.))

LP = build_problem(L, SpinLattice.Hybrid(), SpinLattice.SpinArray(L, [(i,i,i) for i=1:
9], :diag); Tmax = 6.0, tstep = 2.0°-7, delimeter = 10., links = (:all, :allq)),
axes = [:x]);

5 parallel_simulate(LP, 50000, OrdinaryDiffEq.RK4(), SpinLattice.Logger{:local, :file}()

; adaptive=false, dt = LP.tstep)

B oW N e

The Listings B.1, B.2 contain the scripts which were used to run hybrid simula-
tions for FID in CaFy and magnetic fields along [001] and [111] crystal directions
respectively (see Fig. 5.1(a,b)). The structure of the scripts is identical. The first
line tells the program to load SpinLattice library. In line 3, the Lattice struc-
ture is constructed. The signature of the function call is rattice(dins, Js, Jfunc, hs).
Here dims is the size of the lattice in terms of the basis cells, hs is the external
magnetic field, Js and Jfunc parameterize the coupling constants:
JiY; = Js[a] - Jfunc(r; — 1;), (B.1)
The arguments MDI(0,0,1) and MDI(1,1,1) specify that the spins interact with
truncated magnetic dipolar-dipolar interaction for the magnetic field along [001]
and [111] crystal directions respectively. Another possible choice of the coupling
function is nearest_neighbours.
LProblem structure is constructed in line 4. The signature of the function
call is build_problem(Lattice, Model, args...; kwargs...). Lhe tuple args contains the ar-
guments that parameterize the model used. For Hybrid model, one needs to

specify the subset of lattice sites used to construct the quantum cluster. There
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are two ways to do that. The first is to specify the dimension of a block of spins.
This block is a parallelepiped with the faces parallel to the lattice boundaries.
It is the approach used in Listing B.1. The other way is to directly specify co-
ordinates of the lattice sites which comprise the quantum cluster. This goal is
achieved with the help of SpinArray structure. The signature of its construc-
tor iS spinArray(Lattice, array_of_coordinates, label). 1his second approach is adopted
in Listing B.2. The Exact and PureClassical models do not require additional
parameters. The Clustered model requires the size of the block to be specified;
the dimensions of the block must be divisors of the corresponding dimensions of
the Lattice.

The dictionary of keyword arguments kwargs specifies the correlations func-
tions to calculate and the running time of the simulations. Currently supported

correlation functions are are of the form:

CErE () = (ME()ME2),  ME =" 50, (B-2)

i€L,

Keyword argument axes specifies the choices of a and the keyword argument
links specifies the pairs of subsets of lattice sites (L1, L2). It may be a single pair

or multiple pairs:
links = (£1,£s) or links = (L1, L), (L}, LY), (L, L5),--+) (B.3)

The subset of spins can be specified either by a symbol such as :all and :allq,
or by a SpinArray. The symbol :all corresponds to the whole lattice, the symbol
:allq corresponds to the spins of the quantum cluster, this symbol works only for
the Hybrid model.

The correlation functions are calculated from 0.0 to Tmax with time step
tstep. The keyword argument delimiter specifies that the equations of mo-
tion are integrated till delimiter - Tmax. The correlation functions are extracted
from timeseries of observables (see Section 3.2), which are calculated from 0.0 to
delimiter - Tmax with time step tstep.

Finally, the code in line 5 proceeds with the simulations. The scripts of List-
ings B.1 and B.2 were executed by a command of the form: julia -p nworkers script.j1.
It means that in addition to the main master process, nworkers slave processes are
started. The parallel_simulate function in line 5 of the scripts runs the simu-

lations on each of the slave processes and on the master process in parallel. The sig-

nature of the function call is parallel_simulate(LProblem, nTrials, integrator, logger; kwargs...).

Here, nTrials denotes the number of initial conditions for statistical averaging,

integrator specifies the method of integration of the equations of motion (in
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all the examples the 4-th order Runge-Kutta method is used) and logger spec-
ifies logging and saving of the results. Keyword arguments kwargs are passed
to the integrator. The meaning of the keyword arguments used in Listings B.1
and B.2 is the following: the integrator is told not to use adaptive time-stepping;
instead, a fixed time-step is provided. We should note that all these arguments
are applied to each of the parallel processes. For example, if nworkers = 15 and
nTrials = 1000, then each of the parallel processes will do 1000 runs, so that the
total statistics would be 16000 runs.

Let us also describe a more complicated example, which is shown in the List-
ing B.3.

Listing B.3: task si 111.jl

1 using SpinLattice

2

3  basis = 0.5*hcat([0,1,1],[1,1,0],[1,0,11)

4 cell_vecs = [[0,0,0],[0.25,0.25,0.25]]

5

6 L = SpinLattice.Lattice((9,9,9), (-0.5,-0.5,1.0), SpinLattice.Interaction(SpinLattice.
MDI((1,1,1))), (0.,0.,0.), basis, cell_vecs, :fcc, :diamond)

7

8 spins = [((3,3,3), 1), ((3,3,3), 2)]

9 spinsl = [(spin[1].+vec, spin[2]) for vec in [(1,0,0),(0,1,0),(0,0,1)] for spin in

spins]

10 spins2 = [(spin[1].-vec, spin[2]) for vec in [(1,0,0),(0,1,0),(0,0,1)] for spin in
spins]

11

12 sar = SpinArray(L, vcat(spins, spinsl, spins2), :DBFG)

13 sar2 = SpinArray(L, spins, :central)

14

15 LP = build_problem(L, Hybrid(), sar; Tmax = 3., tstep = 2.07-8, delimiter = 10., links

= (:all, sar2), axes = [:x]);

16

17 parallel_simulate(LP, 50000, OrdinaryDiffEq.RK4(), SpinLattice.Logger{:local, :file}()
; adaptive=false, dt = LP.tstep)

It corresponds to the hybrid simulations of FID in 2?Si-enriched silicon for the
external magnetic field along the [111] crystal direction (see Fig. 5.8). Specifically
it corresponds to the simulation for quantum cluster 1 (see Fig. 5.5 (c)). In this

case the full signature of the Lattice constructor is used:

Lattice(dims, Js, Jfunc, hs, basis, cell_vecs, lattice_label, basis_cell_label)

The columns of basis matrix are cartesian coordinates of the primitive vectors
of the lattice, cell_vecs is an array of cartesian coordinates of basis cell nodes.
For FID calculations in CaFy (Listings B.1 and B.2) we did not specify the last
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four arguments, so the fallback values were used. The fallback basis is a unit
matrix, the fallback cell_vecs array contains single zero vector, fallback values
of lattice_label and basis_cell_label are :cubic and :simple respectively.

A different format is used to represent the lattice site coordinates:

(basis_cell_coord, index_inside_basis_cell)

For example, in ((3,3,3),1), (3,3,3) are the coordinates of a particular basis
cell in terms of primitive vectors, and 1 is the index of a particular node inside

this basis cell. Cartesian coordinates of the lattice site are:

basis*basis_cell_coord .+ cell_vecs[index_inside_basis_cell]
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