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Abstract

One of the most astonishing quality characterizing integrable systems is their
nontrivial interconnections with each other. In particular, there is a connection between
integrable spin chains, integrable hierarchies of nonlinear partial equations and classical
many-bodies models.

In this thesis we study poles dynamics of singular solutions of integrable
hierarchies of KP type and show that it is isomorphic to dynamics of particles in
many-body integrable systems on the level of hierarchies. Such connection between two
different types of integrable systems has been a long known conjecture. The connection
between nonlinear integrable equations and many-body systems was first studied in
seminal paper (Airault et al. [1977]). After that in the works such as (Krichever
[1978],Krichever [1980], Krichever and Zabrodin [1995]) it was established that for the
first nontrivial times dynamics of poles correspond to the motion of particles in systems
of Calogero-Moser type with standard Hamiltonians. After that in papers (Shiota [1994],
Haine [2007], Zabrodin [2020]) such connection was extended to the level of whole
hierarchies, however it was done only for rational or trigonometric solutions which are
just a limits of the most general elliptic solutions.

In a series of the articles presented in this thesis authors extend a connection between
integrable hierarchies and many-body systems of Calogero type for three different
hierarchies such as KP, 2D Toda lattice and matrix KP up to the most general elliptic
solutions. The main results of these papers is that authors establish a connection between
spectral curves of elliptic many-body systems and Hamiltonians responsible for dynamics
of poles in higher times of corresponding hierarchy. Besides that methods developed in
these articles could be used to discover pole dynamics for singular solutions of other

hierarchies.
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Introduction

One of the most astonishing quality characterising integrable systems is their non-
trivial interconnections with each other. In particular, there is a connection between
integrable spin chains, integrable hierarchies of nonlinear partial equations and clas-
sical many-bodies models.

In this thesis we study poles dynamics of singular solutions of integrable hierar-
chies of KP type and show that it is isomorphic to dynamics of particles in many-
body integrable systems on the level of hierarchies. Such connection between two
different types of integrable systems has been a long known conjecture. The connec-
tion between nonlinear integrable equations and many-body systems was first study
in seminal paper (Airault et al. [1977]). After that in the works such as (Krichever
[1978],Krichever [1980], Krichever and Zabrodin [1995]) it was established that for
the first nontrivial times dynamics of poles correspond to the motion of particles in
systems of Calogero-Moser type with standard Hamiltonians. After that in papers
(Shiota [1994], Haine [2007|, Zabrodin [2020]) such connection was extended to the
level of whole hierarchies, however it was done only for rational or trigonometric
solutions which are just a limits of the most general elliptic solutions.

In a series of the articles presented in this thesis authors extend a connection
between integrable hierarchies and many-body systems of Calogero type for three
different hierarchies such as KP, 2D Toda lattice and matrix KP up to the most
general elliptic solutions. The main results of these paper is that authors establish a
connection between spectral curves of elliptic many-body systems and Hamiltonians
responsible for dynamics of poles in higher times of corresponding hierarchy. Besides
that methods developed in these articles could be used to discover poles dynamics

for singular solutions of other hierarchies.



Introduction

My thesis presents the results of five articles in which I am one of co-authors.
In these articles a connection between integrable hierarchies of nonlinear differential
equations and integrable many-body systems was studied. These works contain most

general results for KP 2d-Toda and matrix KP hierarchies.



Chapter 1

Historical remarks

1.1 Nonlinear differential hierarchies

One of the first discovered integrable equations is a famous Korteveg-de Vris equation
(1.1). It was written by (Boussinesq [1877]) and rediscovered in (Korteveg, D.J. and
de Vries, G. [1895]) as an attempt to find a mathematical description of solitary
waves observed by Russel and described by him in (Russel [1844]).

4y — 120ty — Ugpy = 0 (1.1)

However, the fact that this equation contains infinitely many conserved quantities
I; = [ Qi(x,t)dz was proven only almost a century after in (Miura et al. [1968]). In
this I;aper authors presented a general formula for 2,1 1’s as a graded polynomials

of u,u’,u”, etc., where v’ = u, = Ju :

u

Qfl[u] = U, Ql{u] = 77
ud Ul ut  wu? ok,
Q3[U]—§—Ev Qs[u]—z— 1 3607

The same year in (Lax [1968|) it was discovered that (1.1) can be rewritten

through two differential operators as
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Lt - [Ag, L] - A3L - LA3 (12)

This form of equations now referred as Lax form.

In (1.2) L and Aj are:

L=0>+u (1.3)

3 3 3 3
APy Sy =42 2 1.4
3 8x+2u8$—|—4ux 0 —|—4u8x+4&,3u (1.4)

where in the last formula operator written in a skew-symmetric form for the standard
scalar product (f,g) = j? f(z)g(z)dx.

Equation (1.2) indic_ao;es that L(t) = U(t)L(0)U~*(t) where U(t) is an unitary
operator. It becomes clear, that A3 = UTU, = —UtTU is skew-symmetric.

Lax also considered a case of higher KdV equations as a generalization of such

construction. He introduced general skew-symmetric operators
n
Agppr = O+ (00271 + 027 hy) (1.5)
i=1

and put them instead of A; into equation (1.2). The fact that Ly, ,, = [Asni1, L] is
a function not differential operator imposes n conditions which uniquely determine

n coefficients b;’s and equality itself determines a higher order KdV equation.

Uty = K2n+1(u)- (16)

Such set of infinite equations is called hierarchy.
Later in (Zakharov and Faddeev [1971]) it was shown that KdV equation have

a Hamiltonian form:

= — 1.7
T du(x) (1.7)
d 1
Here skew-symmetrical operator 1 is infinite dimensional analogue of
x -1 0

in the theory of classical Hamiltonian systems.



Chapter 1. Historical remarks 1.1. Nonlinear differential hierarchies

Moreover higher order KdV equations can be written also as

_d 61, [u]
" dx du(x)

. (1.8)

Uy

It proves that KdV equation can be viewed as an infinite dimensional analogue
of classical integrable system from Hamiltonian mechanics.

After these observations it becomes ambiguous to somehow connect KAV equa-
tion with some known or unknown finite-dimensional integrable system. In seminal
paper (Airault et al. [1977]) connection between class of elliptic solutions of KdV
and so-called Calogero-Moser system was shown. Calogero-Moser system (1.17)
describes dynamics of non-relativistic particles on complex line with pairwise inter-
action between every particle with each other (Calogero [1971],Calogero [1975]).

However dynamics of poles was described by special locus and it appears that

more natural connection arise between 3-d generalization of KdV hierarchy — Kadomt
sev—Petviashvili (or simply KP) hierarchy and Calogero Moser system. KP hierar-
chy like KdV hierarchy is generalization of nonlinear differential equation called KP

equation.

By, = (duy — 120ty — Ugyy)s (1.9)

Kadomtsev-Petviashvili equation originates from (Kadomtsev and Petviashvili
[1970]) in which authors derived the equation as a model to study the evolution of
long ion-acoustic waves of small amplitude propagating in plasmas under the effect of
long transverse perturbations. In the absence of transverse dynamics, this problem
is described by the KdV equation. The KP equation was soon widely accepted as a
natural extension of the classical KdV equation to two spatial dimensions.

In a paper (Dryuma [1974]) Lax representation of KP equation was found:
L, =[A L] (1.10)

with L =9, + 82 + 2u and A = 92 + 3ud, + [ u,dxz.

However more natural way to describe KP equation was suggested in (Sato
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[1983]), where author wrote down the whole hierarchy.

The main idea was to consider a pseudo-differential operator

L=0+) u,o™ (1.11)

m=1
where 0 is ordinary differential operator acting on x with following standard commu-
tation relation with function 0f = f'+ f0. Multiplying both sides of this equality by
071 from left and from right gives 971 f = f0~1 =971 f'0~!. The multiple application

of this rule yields:

k+n-—1
o f=> (1) fEI gk (1.12)
>0 k
which is similar to the rule for usual derivative
n - n (k) gn—k
of=>Y F® gk, (1.13)
=0 \ K

Equations of KP hierarchy are equivalent to compatibility condition of a system

of Lax equations

Oy L = [An, L]. (1.14)

Where A, is the monic differential operator of order n. It is clear, that the
only way equation (1.14) make sense if r.h.s is pseudo-differential operator with zero
coefficients at positive powers of 0. The easiest way to impose this condition is to
take A, as purely differential part of £". It can be written using standard notation
A, = (L")4. Indeed, since [L", L] =0 [A,, L] = —[L" — A, £] and since L" — A,

has zero differential part it is clear that [A,,, £] is also have zero differential part.

10



Chapter 1. Historical remarks 1.1. Nonlinear differential hierarchies

Following chain of equalities aims to show, that 0, 0;, £ — 0,0, L = 0.

O, O, L — Oy, 0p, L = 0y, [(L™) 4, L] — O, [(L") 4, L] =

(L"), L4 L+ (L7)4[(L7)4, L] = LI(L™) 4, L7 = [(L£7)4, LI(L™) 1 — (n <> m) =
(L) (L) L4 [(L7) 4, (L) ] £+ LIL7) 4 (L7) 4 — LI(L7)4, (L) -] — (n > m)
= (L7 LML — LIL", L7 = 0

For example in case of n = 1 one have A; = 0 which means that 0;, = 0, = 0
and dependence on x can be restored u(z,tq,ts,...) = u(t; + z, s, ...).
KP equation is a compatibility condition for system with n = 2,3 and it can be

written in zero curvature form:
Oy As — Oy, Az + [Ag, A3l = 0 (1.15)

here ¢, identifies with y.

Higher KP equations are the same for two arbitrary higher times.

s A — 81 A + [ A, Ap] = 0. (1.16)

n

In series of works (Krichever [1978|, Krichever [1980]) author showed that func-
tionu =c+2 ) p(x —x,(y,t)) is solution of equation (1.9) if and only if dynamics
=1

]:
of z; with respect to y coincide with dynamics of elliptic Calogero-Moser system:

H=33 0= 3 ol =) (1.17)

i#j
The dynamics of x; with respect to t = t3 coincide with Hamiltonian flow of the
same system govern by Hamiltonian which is cubic in momenta.
In (1.17) p(z) is Weierstrass p-function which can be viewed as averaging of x>

on lattice:

| 1 1
1 _ . (1.18
A ( )Zsé(o 0) ((37 + 2wim + 2wan)?  (2wim + 2w2n)2> 9

(s wi, we) =

It is well known fact, that Weierstrass p-function degenerates into elementary

11



Chapter 1. Historical remarks 1.2. Many body systems

functions when one or both w’s goes to infinity. In last case it is clear, that p(z)

i
becomes just x72. In case when just w; goes to infinity, we put wy, = — and
Y

2

g L o
Cwp ) = 22 1.19
o(x; wr, wa) sinh2(y7) 37 (1.19)

These limits called rational and trigonometric (hyperbolic) limits of elliptic func-

tions.

1.2 Many body systems

The other objects of study in this thesis is a classical many body systems integrable
according to Liouville i.e. containing maximal number of independent, Poisson-
commuting integrals of motion. The first integrable many-body system was discov-
ered by Toda in (Toda [1967a],Toda [1967b|). Having arbitrary number of particles
on the line this model consider only interaction between neighbours. With Hamil-

tonian )
n 2 n—
_ E D; E Ti—T;
H = . E + - e +1 (120)

and equations of motion

iy = e¥1me (1.21)
xl — e:}ci—mi+1 _ 6Zi_1—$i fOI‘ 1 < ’L <n (122)
.{Ii'n — _eaﬁn—lfxn. (123)

After that in (Calogero [1971]) a system with interaction between every particles
with each other was found. However author consider only quantum integrability of

what will be refereed as Calogero system or rational limit of Calogero-Moser system.

H:%;pf—zm (1.24)

. . (A
i#£]

Later in (Sutherland [1972]) more general system with potential sin™?(x; — ;)

12
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was studied but still for quantum case.

The classical analogues of these systems were proven to be integrable in a works
(Calogero and Marchioro [1974], Moser, J. [1975]). In last paper author showed,
that equations of motion can be rewritten in Lax form i.e. system (1.24) can be

rewritten as:

L=[M,I] (1.25)

where L and M are n x n matrices with following entries

Li; = 0i;pi + (d=9%) (1.26)

l’z‘—Ij

1 . 2(1 — 6i5)

D= ) B sinh?(y(z; — 7))

T G 27
in rational and
Lij = 6ipi + (1 — 6i5) coth(y(w; — x;)) (1.28)
1 21 — by
Mi; =25 Y — * (1=9) (1.29)
= sin (v(x

in trigonometric (or rather hyperbolic) case.

Lax matrix L becomes an important object in studies of classical integrable
systems. Equation (1.25) appears almost in every known integrable system with
some important exception such as double elliptic system (Braden et al. [2000]), and
system, which can be obtain from BKP hierarchies (Rudneva and Zabrodin [2020]).
It was shown that not only [,, = trL™ are conserved quantities, which is obvious
from equation (1.25), but they also commute with each other, which makes first n
of them integrals of motion.

Eventually elliptic generalization (1.17) was obtained in the work (Calogero
[1975]). Later in (Krichever [1980]) Lax representation for elliptic case was found
but with both L and M matrices depend on additional parameter A which is not

included in equations of motion.

Lij = 6ipi + (1 = 04)®(2; — x5, A) (1.30)

13



Chapter 1. Historical remarks 1.2. Many body systems

k#i

here ®(x, \) is Lame function and ®'(z, ) = 0,P(z, \)

o(x)o(N) _
P(x, \) = —2L T e=aC(Y) 1.32
(@) = 257 (1.32)
r x?
el
o(z) =o(x;wy,wy) = xH (1 — %) es 252 5= 2mw; + 2nw, (1.33)
s#0

with integers m,n. {(x) = 0, log(o(x)) and p(z) = —('(z).
A-dependence of Lax matrix in elliptic case becomes important for investigation
of correspondence between many body systems and nonlinear differential hierarchy.

In trigonometric and rational limits such dependence can be easily factorized

Ltr(rat) _ Lell(/\) + (E i I)ftT(rat)()\) (]_34)

ell—tr(rat)
with f(\) = y(coth(yA\) — 1) and f™(\) = %
Here F is a matrix consists of only unities and [ is an identity matrix.
Since trL™(A) in elliptic case depends on A it cannot be integral of motion.
However in (d’Hoker and Phong [1998|) authors found out following expression for
spectral curve:

det(z + C(\) — L(\)) = %

I(2) (1.35)

here I(z) is a polynomial of degree n with some integrals of motion as coefficients.

n

I(k) =) I,2"™" (1.36)

m=0
[m/2] l
Ln=en®)+ > Y. emaleu_s)) [[oS) (1.37)
=1 18iNS;|=26:; =1
1<i,5<1

We are using following notation: e,(p) is elementary symmetric polynomial in vari-

ables {p;|]l1 < i < n}, e.(ps) is elementary symmetric polynomial in variables

14



Chapter 1. Historical remarks 1.2. Many body systems

{pili € S}, S¢is a complementary of set S. p(S5) where S = {i,7} is set of power

two is just p(z; — x;). First few examples:

1 1
I, = Z (5201']93' + 5@(1’1 - x]))

/1 1
=Y <§pipjpk + 5Pl — $k))

/

1 1 1
Iy = Z (Ipipjpkpl + ﬂpipj@($k — @) + m@(% — x;)p(zr — xz))

/

where Y is sum for all non-repeating indices. Coefficients are chosen the way that
every unique term will have coefficient 1.

In (Shiota [1994]) it was shown, that in order for function u(z,t) = 2 i(:z: -
z;(t))72 to be a solution of the whole KP hierarchy (1.14), the dynamics of E)T)lles T
with respect to t,, must be the same as a dynamics of particles in rational Calogero-
Moser system w.r.t. Hamiltonian [, = trL™. Later in papers (Haine [2007],
Zabrodin [2020]) this result was generalize to trigonometric case in which Hamilto-
nians responsible to higher times are H,, = mtr (L +~D)™t — (L — )™,

Result for elliptic case was obtain in (Prokofev and Zabrodin [2021b]) and in this
case H,, = rg(s)(zmk(z)) where A\(z) is defined from equation det(z+¢(A)—L(\)) =0

15



Chapter 2

Tau function and bilinear equation

In Appendix 4.3 one of the crucial elements of the prove is to consider an integral
bilinear form of KP hierarchy. In order to make this thesis more self-contained it
can be useful to prove equivalents of two forms: integral form of KP hierarchy and a
standard one as an infinite set of Lax equations. This section is devoted to proving
that statement. Here we also introduce important objects such as Baker-Akhiezer
function and tau function.

The content of this section follows Chapters 5 and 6 of (Dickey [2003])

2.1 Baker-Akhiezer function

We will consider pseudo-differential operator for KP hierarchy:

L=0+) u,0" (2.1)

m=0

It can be viewed in a dressing form:

L=Wow (2.2)

where W = >~ w;0~" and wy = 1. Tt is clear, that all coefficients u,, can be expressed
i=0
in terms of w,,.

16



Chapter 2. Tau function and bilinear equation 2.1. Baker-Akhiezer function

Equations of hierarchy (1.14) can be extended to W
Oy, W =—(L")_W. (2.3)

Here A, is a purely differential part of operator A and A- = A — A,.

Action of pseudo-differential operators is not defined on functions, however we
will define their action on a function £(t, 2) = i tp2* following way: 0™E(t, z) =
Ofé(t,z) = 2™ and 0" exp&(t, 2) = 2™ exp (¢, zk):%or both positive and negative m.

Define Baker-Akhiezer function:

Wt z) = Wett2) = eg(t’z)w(t, 2) (2.4)

with w(t, z) = > w;(t)z7".
0

Introducing T:onjugation: (fo)f = —0- f = —(0f) — fO and let W' be a formal
adjoint to W define adjoint Baker-Akhiezer function

(L, z) = (W’l)Te’g(t’z) = e S®2¥(t, ). (2.5)
These functions satisfy systems:

L = 1) Lo = 2
Anw = @ﬂﬁ -Anw* = - nw*

here and further we put 0,, = 0;,,.

(2.6)

Equations (1.14) can be viewed as compatibility conditions of these systems.

It is typical for both finite and infinite dimensional integrable systems to be just
a compatibility conditions of overdetermined systems such as (2.6). It is often useful
to study Baker-Akhiezer function instead of infinite set of {u,} or {w,} since it is
just one function and it is a solution of infinitely many linear problems.

o0
For an infinite formal series P(z) = Y py2® and an infinite series of pseudo-
—0o0

oo
differential operators P = >~ p,0F define operations.
—00

Definition 1. res(P(z)) = p_y

17



Chapter 2. Tau function and bilinear equation 2.1. Baker-Akhiezer function

Definition 2. rgs(P(z)) =p_
These two operations connected with useful Lemma
Lemma 1. res[(Pe*?) - (Qe **)] = rgs(PQT)

It can be proven by simple calculation.

With this lemma it becomes easy to prove following theorem

Theorem 1. The identity
res((7 .0, )Y =0

holds for any (i1, ...,1y) with arbitrary m if and only if 1 and ¥* of the form (1 +

S arz7F)e*t are solutions of (2.6).
k>0

Before we will prove this theorem let us show that there is an another way to
rewrite it. Indeed instead of res[(0!...00m4(t))i*(t)] for any (iy, g, ...,im) We can
write res[¢)(t')y*(t)] for any t,t" where f(t') should be understood as a formal

expansion:

1 , S X
f(t) = ZN =t = 0)" e (t, = )OOy f(F).

ceelm

This identity can be rewritten in integral form.

jéef(t_t"z)w(t', 2)w*(t, 2)dz = 0. (2.7)

The integration contour is a big circle around infinity separating the singularities

coming from the exponential factor from those coming from the functions w and w*

Proof. First we will prove that if ¢ and ¢* are solutions of (2.6), then

rgs[(ai1 L)t = 0.

18



Chapter 2. Tau function and bilinear equation 2.1. Baker-Akhiezer function

Since d41 = A1) we need a proof only for m = 1.

res[(0")y7] = res[(9'We) (W) TTe™™] =
= I“SS[(@ZW)W_I] = rgs(@’) =0.

It completes the first half of the proof.

To prove the converse statement we will consider res[(0"w(t, z)w*(t, z)] = 0 with

U(2) = B2 Y w27 and ¥*(2) = e ¢ Y w2z~ Define W = Y w;0~" and
=0 i=0 i=0

W =3 (=1)wro™.
i=0
Using assumption one can show, that

0= rgs[(@iz/z)w*] = rgs[(@iWeg)W*e’g] = rgs[(aiW)(W*)T] = rgs[aiW(W*)T].

It is true for every i, so if we define purely negative pseudo-different operator
X = X_as W(W*)I = 14+ X, proven equations mean, that X = 0 and W* = (WT)~L.
Define £ = WOW™! for which we have

(DWW + (L™) W)eb = (8- W — Wy + (L™) _W)eS =
= (O - W = LW + (L™ W)eb = (8, — (L™) 4 )WeE.

From our assumption we know, that

0 = 1es[(0"(Om — (L) ))t"] = 1es[(9" (O — (L) )WeS) (W) e™6)] =

res((9" (OmW + (L™)-W)eS) (W) e ™6)] = 1es[(9' (9 + (L™) - W) (W) )]

This yields 0,, W+ (L™)_W = 0 which is nothing but equation of KP hierarchy.
[

19



Chapter 2. Tau function and bilinear equation 2.2. Tau function

2.2 Tau function

In the last section it was shown, that the whole KP hierarchy can be rewritten
as an integral equation (2.7). However it is possible to simplify it by factorizing

z-dependence. In order to do so we will use following easy to prove lemma:

Lemma 2. If f(z) = i a;z"" is a formal series where ag = 1 then
i=0
resf(2)(1 - 2/¢)7 = C(F(C) — ).

More general if g(z,() = > b;({)z7" then

i=—00

rss[(l —2/¢) g(z) = Cy-(¢, 2)]a=¢

where g_(z,() = ib,(g)zz

Here (1 — 2/¢)~! is understood as series in (L.
Let D(¢) be an operator acting on series in 2z~ with coefficients depending on &

as

D) f(t,2) = f(t =[], 2). (2.8)
Here [¢71] = (C71,C72/2,¢78/3, ).

Lemma 3. Following identities hold:
w(t, 2) = D(2)w*(t, 2)

and

Ologw(t,z) = (—D(z) + L)w; (t).

Proof. Equation res[t)(t)y*(t')] = 0 with ¢/ =t — [(]~! and identity

©  _k
Y g =(1-2/07"
k=1

results in
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Chapter 2. Tau function and bilinear equation 2.2. Tau function

resfw(t) D(C)w" (£)(1 — 2/¢) ] = 0.

z

First part of the lemma 2 allows one to transform it into

C(w(t, O)D(Quw"(¢,¢) — 1) = 0.

Which immediately gives us first equation.

Similarly

0 = res[0y(2) D(Q)¢" (2)] = res[(Qw(z) + zw(2))(D(Ow(2))(1 — 2/¢) ).

Second part of lemma 2 implies

0 = [(Ow(z) + zw(x)) D(Qw (2)]-|:=¢ = (Ow(() + Cw(C)) D(Qw™(C) -
—¢ —wy + D(Qwr = (Qw(¢))w™ (¢) — (1 = D(¢))wr

which results in second equality. O]

We have shown that derivative of w(t, z) with respect to ¢; can be expressed in
terms of one function which is not depending on z and the whole z dependence can
be hidden inside shift of an arguments. It is remarkable discovery that w(t, z) itself

can be expressed that way.

Theorem 2. There is a function 7(t) such that
logw(t, z) = (D(z) — 1) log 7(t)

or, in more detail
T
(t.5) = s 2.9

It is clear, that since solution of (2.6) can be multiplied by any function depend-
o0
ing on z, T-function also determined up to cexp Y ¢;t; with ¢, ¢y, co, ... arbitrary

=1
constants.
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Chapter 2. Tau function and bilinear equation 2.2. Tau function

Proof. We will consider operator N(z) = 9, — > 277719, which annihilates all
j=1

functions of the form D(z)f(t) moreover for functions f = > fiz="! N(2)f =0
i=0
implies f = 0.

Applying N(z) to logw(t, z) = (D(z) — 1) log 7(t) we obtain series of equalities:

a; = O;log T = rtzeszi (— Z 270, + @) log w.
j=1
In order for this system to be compatible and agreed with last equation from
lemma 3 we need da; = —0;w, and 0;a; = ;a;.
First part can be verified by simple calculation. It results in 9(9;a; — 0;a;) =0
however (0;a; —0;a;) itself should be differential polynomial of w; which are indepen-
dent functions. The only way it derivative can be zero is for him be only a constant

term. But simple calculation, for all w; = 0 shows that constant term is absent.

O

Equality (2.9) together with first part of lemma 3 gives us following representa-
tion of w*(t, 2) :
t —1
Wit ) = TEHETD (2.10)
7(t)

Eventually we can rewrite (2.7) as integral equation on function 7(t) in the form

also known as bilinear relation for tau-function.

f (g [ )t + [ ])dz = 0 (2.11)

[e.9]
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Chapter 3

Further Generalizations

In this section there will be shown ways to generalize KP hierarchy to 2d Toda
hierarchy and matrix KP for both these cases pole dynamics of singular solutions
was obtained in Appendices A and B for trigonometric solutions and in Appendices

D and E these results are generalized to elliptic case.

3.1 Modified KP

Content of this section follows Chapter 13 of (Dickey [2003)]).
We start with £ pseudo-differential operator of KP hierarchy, then add infinitely

many functions v; for ¢ € Z and determine

Ei = (a+Ui_l)...(a—i‘vo)ﬁ(a—i‘Uo)_l...(a—f—l}i_l)_l forz >0 (31)
Li=0+v ) (0+v,) ' LO+vy)...(0+vy) fori>0 (3.2)
Lo=L. (3.3)

This way we have evident recursion:
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Chapter 3. Further Generalizations 3.1. Modified KP

Determine dynamics of v; with respect to t; following way.
Ovi = (L§11)+(0 +v:) — (0 +v:) (L) +. (3.5)
In this case it is easy to show, that

nLi = [(LF)+, Li]. (3.6)
One can introduce dressing operators for each £;
WiLW; ' =0 (3.7)
where W, = ijﬂ W;n 0™, with w;g = 1. It is clear that
(0 +vi)W; = Wipq - 0. (3.8)

Taking similar approach as in section 2.1 we introduce Baker-Akhiezer functions

lpz<t, Z) = Wieg

Ly = 2, (0 +vi)hs = 21pig

and adjoint Baker-Akhiezer functions

Yit2) = (W) e

)

Lir =27, (0 —v)bf, = —2;.

Analogically to Lemma 3 we have

Lemma 4. For two formal series
—a _
W = E Wigz €S, Y= wk 2%
(0%
0%

with w;y = wjy =1 the following two statements are met simultaneously.
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Chapter 3. Further Generalizations 3.1. Modified KP

1) ¢; and o are Baker Akhiezer functions of mKP hierarchy.
2) res[z' I (O .0k b )3 = 0 for i > j and any (ky, ..., km).

Proof. First we will show, that if condition 1 is satisfied, then condition 2 is also
satisfied.
Like in KP case we need to consider only (k,0,0,...,0) since 0st0; = (L£])4;.

ves[="4 (0F) 0] = res[(@ W07 (W) e 9)] = res((9Wid" )W) ] =
= rgs[(@k(a + vi-1)-..(0 + v)) WW ] = 0.

Now we will prove reverse statement. For ¢ = j we have a case of KP hierarchy
and it already has been proven, that if rgs[(@f?..@,’j{”%)wﬂ = 0, then v, and ¢}
are Baker-Akhiezer functions and adjoint BA functions of KP hierarchies with £;
operators. We are left to prove, that these operators connected through equation

(3.4). In order to do so we will consider the case i = j + 1 and (k,0,0,...,0).
0= res[z(@kwjﬂ)wj] = reS[(aij+18€§)((W})_le_g)] = rgs[@ij+18ij1].

which means, that W;.,0W; !'is purely differential first order monic operator and
we can put W1 0W; ' = 0 + v;. From that equation (3.4) follows immediately.
O

Since every 1; is solution of KP Theorem 2 combined with proven Lemma means,

that whole mKP hierarchy is equivalent to series of bilinear equations:

Y{Z”_meg(t—t'“)m(t — [T )Tt 4[] Hdz =0 (3.9)

for n > m.
But for our purposes it will be convenient to take a different look at mKP hier-

archy as a half of more general 2d Toda hierarchy.
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Chapter 3. Further Generalizations 3.2. gl((c0)) algebra and 2d Toda hierarchy

3.2 gl((c0)) algebra and 2d Toda hierarchy

The content of this section is based on (Ueno and Takasaki [1984]).

We will consider formal Lie algebra gl((c0))

Let A7 be a j-th shift matrix A7 = (8,4j,)uvez and E;; be the (i, j)-matrix unit
Ei; = (0,i0uj)pwvez- Let gl((c0)) be a formal Lie algebra consisting of all Z x Z

matrices

gl((00)) = {Z ai; Eijlai; € c} . (3.10)

1,JEL

A matrix A € gl((oc0)) is written in a form

A= Z diag[a;(s)]\ (3.11)
jez
here diag[a;(s)] denotes a diagonal matrix diag(...,a;(—1),a;(0).a;(1),...) we can
define a positive/negative part of matrix of matrix A : (A); = > diaga;(s)]A? and
Jj=0
(A)_ = > diaga;(s)|]A7.
<0

If aj(s) = 0 for all j > m we call A is order less than m. If a;(s) = 0 for all
j < m we call A is order grater than m. If matrices A and B both less or larger

than some m, then product of AB is well-defined.

There is natural correspondence between matrix A and difference operator

A(z) = Zaj ()%= (3.12)

JEZ
where operator /% define by it action e/ f(x) = f(x + jn).

Definition 3. Set two copies of time flows t. and t_. Let L,L and M, for n €
Z]/{0} be elements of gl((c0)) where

L= Zdiag[lj(s)]/\j with l,(s) =1 for any s (3.13)
<t

L= Z diag[l;(s)]AY  with _1(s) # 0 for any s (3.14)
-1<5

Myso = (L") 4 Bnco= (L) _. (3.15)
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Chapter 3. Further Generalizations 3.2. gl((c0)) algebra and 2d Toda hierarchy

The Toda lattice hierarchy is a system of equations

oL =[M,, L] 0,L=[M,,L]. (3.16)

It can be proven the same way it was proven for KP hierarchy that second
derivatives commute. In a case of both m and n positive or negative the proof is
the same as in KP case. Following chain of equalities will prove it for times from

different flows:

0n0—mL — O_ 0L = 0,[L™ L] — O_,[L", L] =
[LT—&L—v I’m}—L + I_]—n[LZﬂ L] - L[Lia Em]_ B [L:b—ﬂ L]ET_
—[L™, L"), L — L"[L™, L]+ LIL™, L"], + [L™, L)L"

=[L", L"|L+ (L™L" — L''L™)L — L[L", L™ + L(L" L™ — L™L") = 0.

Now we will prove some lemmas which help us to obtain the whole Toda lattice

hierarchy in bilinear form:

Lemma 5. There are exist two matrices W and W of form

W = Z diag[w;(s)]A™ (3.17)
W = Z diag[w;(s)]A? (3.18)

with wo(s) = 1 and wy(s) # 0 for any s such that L = WAW ™!, L = WA-'W!

and they satisfy equations

oW =~L"W O ,W=L"W n>0 (3.19)
oW =L'W 0_,W=—-L"W n>0. (3.20)

Moreover they both defined up to arbitrariness
W —WFE (AN W— WF*(A) (3.21)
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Chapter 3. Further Generalizations 3.2. gl((c0)) algebra and 2d Toda hierarchy

where FE(A) = Y fA*.

Jj=20
Proof. First of all simple calculation shows that system (3.19)-(3.20) is compatible.
It is clear that there are exist a some constant matrices W, and W, of forms

(3.17) and (3.18) respectfully such that

L=WoAW;' L =WoAW;.

We can consider Cauchy problem for (3.19) and (3.20) with initial conditions
Wo, Wo.

Straightforward calculations show, that LW — WL and LW — WL are both
solutions of the same systems with zero initial conditions, so the uniqueness of
solution obliges them be a null solutions, which means, that we have constructed W

and W from lemma. O
Using that lemma it is easy to show, that matrices ¥ = Weft+A) and ¥ =

Wett—A"" are solutions of following linear problems:

LV =VA, 0,¥ = M,V (3.22)
LYV =UA™', 0,0 = M,V. (3.23)

LU = LWetteh) — WAt — WA and for n > 0 9,0 = —L"¥ + A" =
(—L™ + L™)¥ = M,V the rest calculations are similar.

Now we have proven, that
M, = (0,V)¥! = (9,¥)¥ ! (3.24)

or even
(8&’“...81-’11\1/)\11_1 = (8&’“...6{11@)@_1 (3.25)
for any (iy,...ix) € (Z/{0})* and (ny,..n;) € (N*)*.
It can be written as
Wty t )TN () = Uty b )0 (¢, t)) (3.26)
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for any s, s, t, .ttt/
This equation resembles similar ones for KP and mKP case. It can be proven
similarly to KP and mKP cases that equation (3.26) defines the whole hierarchy.

Resemblance with mKP and KP hierarchies can be continued further. We have

W = Z diagw;(s)]A™7, W= i A~V diag[w} (s +1)],

§=0 =0

W= Zdiag[u_}j(s)]Aj, Wt = i:: N diag[w} (s + 1)].

7=0

And define
Y(s,2) = ij(5>287jeg(t+’z)a (s, 2) = Z w;(s)z_j_se_g(t%z),
j=0 =

ZE(S,Z) = Z71)].(S>Zj-‘r$6§(iL,,z*l)7 77Z)*(8’ Z) _ Z w;(s)zjfseff(t—’zil)'

7=0 g
After that equation (3.26) can be rewritten as

dz

3.27
27 ( )

d _ _
7{1/1(5, Z5 t+7 t—)¢*(3,> 2 t{H t/—)Q_Z = fQ/J(Sa Z5 t+7 t—)¢*(5,, 2 tf{-? tl—)
(Y
0 0

When s > s’ and t_ = t’_ right hand side is equal to zero and we obtain mKP

equation in bilinear form. We can introduce tau-functions.

t, —[z71],t)
t.t )= 2° €(t+,2)7_5( + ’ 92
¢(5,Z; +> ) ze Ts(t+,t_) (3 8)
_ ty+ 271, t)
* tot )=2"° e(ten) To(bt ity 3.29
¢ (S,Z, + ) z € Ts(t+,t_) ( )

We can also introduce 7, and 7} such that

U(s,z,ty,t ) = zseg(t*’zfl)rs(z, it t ) = 2est==71) Z ;2 (3.30)
j=0
(s, 2,ty,t) = z’se’g(t—’[l)r:(z, ittt ) = pSe 8t Zr’;jzj. (3.31)

320

Applying calculations similar to one used in Lemma 3 for different choice of
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Chapter 3. Further Generalizations 3.3. Multi-component KP hierarchy

s—s,t. —t_,t' —t, we can prove following equalities:

7”;1(2) = D,(zfl)r;ll(,z)7 fort!, =t,, ' =t +[z], & =s+1
s D_(z"Yr,
7’(2) — (Z )T,o fortﬁr:tJr, t'_=t,—|—[z]7 ¢ =549
rs-1(2) T's—1,0
D, (O)7sD_ (2771 rs(2) -
- fort), =t, +[¢7], ¥ =t +[z], ' =5+ 1.
T D (D (2771 Dy(Q)rs(2) + ++ ¢ [2]

Combine last two equations one can find that

) o Te(t . —
(s, 2, by, t_) = 2587 HTor (b 12D (3.32)
T(t+>t*)
) Tt t
V¥ (s, 2t ) = 2 Se -7 HT st + [ZD (3.33)

T(ty,t_)

Eventually it results in integral bilinear equation on tau functions of Toda lattice

hierarchy:
s'—s E(ty,2)—E(t ,2) -1 ’ —17 4/ dz
2*"%e (b — [z )T (E + [2 ]’t*)ﬁ =
> ds (3.34)
s'—s _ z—l _ ’ 271
N 7{2 e el )TSH(t‘Ht— — [ roa(t tl + [Z])Q_m
0

Or if one consider n not discrete but continues variable and introduce x = nn,

then it can written as

]{z"(wl_m)eg(”’z)_g(tﬁr’Z)T(:L‘, t.— [ t)r(@ L+ [T ) = =

[e.o]

= ]{z"(’:/x)ef(t"zl)5(t"zl)7(9c +n, byt — [2)T(@ =, t .+ [2]) .
0

3.3 Multi-component KP hierarchy

Content of this section is based on (Dickey [1997]).
Another generalization of KP hierarchy comes when we consider elements u,, of

operator L in (2.1) as n X n matrices
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L=0+U 0" +U0%+ .. (3.36)

We can introduce times : tj,, where £k > 0 and 1 < a < n.

To define dynamics of these elements we introduce operators R, such that
R,R3 = 0,3R,, [Ry,L] = 0 and > R, = 1 (from here and further summations
over Greek indices goes from 1 to n)a

Now define operators By, = (LFR,,), where as in regular KP (), means taking

purely differential part. We introduce dynamics
Oka L = [Bia, L. (3.37)

It is clear from definition, that >~ 01, = 0.

Similarly to KP case we may introduce dressing operator W = I + Y W07
k>0

L = WOW ™! It is clear, that defined as R, = WE,W ™! R, operators are
indeed satisfy all requirements . Here (E,);; = dia0ja-

Introducing matrix Baker-Akhiezer and adjoint Baker-Akhiezer functions:

U = Wetts) — ot py (3.38)
U = (W le €t2) = =€t ()1 (3.39)

where £(¢,2) = > Y 2K E ta.
k>0 o
They are solutions of corresponding generalization of linear problems:

LU =20 LIy =0 (3.40)

OnaV = Buo U 0,u V" = —Bf W~ (3.41)

It can be proven the same way as in scalar case, analogue of Theorem 1:

Theorem 3. The identity

mOm

res[(8}. o, --.0;" . W)W =0
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holds for any (i1, ...,im) € (N*)™ (ky,....kn) € (N*)™ and (ay, ..., ) € [1,n]™ if

and only if U and U* of form (I + . A;z7")e** are solutions of (5.38).
k>0

Or it can be written in integral form

%@(z;t)\lf*(z; t')dz = 0. (3.42)
It is possible to generalize notion of 7-function.
First of all we introduce operators D,(z) = exp <—kz>:1 j%) which is act by
shifting o’s times by [271] vector. Do (2)f(t) = f(..., thy — dar (1/k)27F, L),
As in a proof of existence of 7-function for KP it is useful to consider following
identities Dy (C)e 842 = (I — B, + (1 — (/2) ' Ey)e¢®2),
Taking (8, 8)th and (a, 3)th elements of equation (3.42) with ¢} = t;, + 557%&

we obtain equations

WisDalW5y = 1 (3.43)
Was(C)
Wis(C)

¢ = Dg(Q)Wiap- (3.44)

1 1
Taking (8, 8)th element of equation (3.42) with ¢} = t;, + dg, (k‘_(f + k_@“)

results in

Ds(Ci)Wps(C2) — Dp(Ca)Wips(C1)

= : 3.45
Wis(C2) Wis(Gr) (349

Introducing fg = log Wsg it can be rewritten as
(Ds(G) = 1) fs(G) = (Ds(C) — 1) f5(G) (3.46)

Combine equations which come from (a, a)th, (o, 5)th, (5, 5)th and (8, a)th

1
with ¢ = 1y, + (6[37— +9

1
ov—— | one can show that
k¢y ! kCé“)

(Da(C) = 1) fs(C) = (Ds(G2) = 1) falCr)- (3.47)
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As in KP case we will prove that there is function 7 such that f,(z) = (D,(z) —
1)logT.
Introducing operator N, (z) = > 277710;, + 0, such that N,(z)Du(2)f(t,2) =0

720

and applying it to (3.47) one obtain

Da(GINa(C) alC) = Nafalc) = = 3¢ 00 fo(G). (3.48)

7>0

Then multiply this by ¢! and take rgs
1

bia = rgSCI a(C1) falC1) = Dﬂ(@)resgl ol(C1) falCr) + 8zafﬁ(c2) (3.49)

i.e
bia = Dg((2)bia + 0ia f5((2). (3.50)

Since (7, ) is arbitrary we can differentiate this equality with respect to ¢, .

change indices and substitute one equation from other to obtain equation
(Ds(G2) = 1)(9j3bia — Oiabjy ). (3.51)

Since (Dp(¢2) — 1) null only functions which are constant for all times, the same
argument as in KP case can be applied here to show, that 0;,b;n — 0inbj, = 0, which
means, that one can introduce 7 such that b;, = 9;,log 7. Tau function is defined
up to multiplication by ¢(z), however this ambiguity can be hidden inside definition
of Baker-Akhiezer functions, which also can be defined up to multiplication by some
matrix which depend only on z.

Using equation 3.44 we define 7,3 = 7W) o3 and

Wos(z:8) = %W a B, (3.52)

If we introduce t; = Z tio such that 0, = Z One and consider dependence only

on t, variables, we obtain Matrlx KP h1erarchy
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Chapter 4

Main Results

4.1 KP hierarchy

This thesis continues a series of works started with (Airault et al. [1977]) where au-
thors have considered a singular solutions of KdV equation and shown, that its poles
is governed by dynamics of cubic Hamiltonian of Calogero-Moser system in special
locus, where Hs is equal to zero. Following by famous Krichever results (Krichever
[1978]) and (Krichever [1980]) where he has shown that connection between pole
solutions of nonlinear partial equations and many body systems becomes more nat-
ural for KP equation. Shiota in (Shiota [1994]) have extended that correspondence
to the whole hierarchy for rational case. He have shown that poles of rational solu-
tions of KP hierarchy evolve with respect to t,,’s KP time like particles of rational
Calogero-Moser model governed by Hamiltonian H,, = trL™ with Calogero-Moser
matrix L (1.26).

Later this result was generalized in (Haine [2007]) and (Zabrodin [2020]) for
trigonometric solutions with corresponding Hamiltonians
H, = mu(([/%—vl)m“ — (L —~4I)™") where L is Lax matrix for
trigonometric Calogero-Moser system (1.28).

Appendix 4.3 (Prokofev and Zabrodin [2021b]) contains the most general version

of this statement. It considers elliptic solution of whole hierarchy in form of
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N

7(x,t) = [[ oz — 2:(t)). (4.1)

i=1
It is proven, that (4.1) gives solution of (2.11) if and only if evolution of z;’s with

respect to t,, is governed by

H,, = res (2"\(2)) (4.2)
where \(z) solves
det(L(A) — (z+C¢(N)I) =0 (4.3)
with elliptic Lax matrix
ij = —pjéjk — (1 — (Sjk)q)(l'j — Tk, )\) (44)

It appears that there is only one unique solution of (4.3) when z — oc.
This article also include nontrivial calculations connecting this solution in the
limit when one or both periods of elliptic curve goes to infinity with results of

previous works.

4.2 2d Toda hierarchy

Dynamics of poles of elliptic solutions to the 2DTL and mKP hierarchies was studied
in (Krichever and Zabrodin [1995]). It was proved that the poles move as particles of
the integrable Ruijsenaars—Schneider many-body system (Ruijsenaars and Schneider
[1986]) which is a relativistic generalization of the Calogero-Moser system. The
extension to the level of hierarchies for rational solutions to the mKP equation
was made in (Iliev [2007]): again, the evolution of poles with respect to the higher
times t;, of the mKP hierarchy is governed by the higher Hamiltonians —trL* of the
Ruijsenaars—Schneider system.

Article (Prokofev and Zabrodin [2019]) generalize that result. It contains direct

solutions of bilinear relation for the whole 2d Toda lattice (3.35) with trigonometric
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tau-function of the form

N
T(x,t4,t_) =exp <— Z ktkt_k> H (627:0 — ezwi(“ﬂt—)) . (4.5)

It is shown, that evolution of the x;’s with respect to the time t,, govern by

Hamiltonian
sinh(m~yn)

mam

H, = tr(L)™ (4.6)

for both positive and negative m. Here

B yne'ri sinh(~y(x; —x; +n))
sinh(y(z; —x; —n)) 7 sinh(y(z; — x1))

(4.7)

#i

is the Lax matrix of trigonometric Ruijsenaars—Schneider system.
Generalization to elliptic case is given in (Prokofev and Zabrodin [2021a]) where

we consider solutions of 2d Toda lattice hierarchy of the form
N
T(z,ty,t_) =exp (— Z k;tkt_k) H o(x—zi(ty,t_)). (4.8)
k>1 i=1

In order for 4.8 to be solution, evolution of z; with respect to time t,, should be

governed by Hamiltonian

H,, = res (2" 'A\(2)) (4.9)
for m > 0 and
H,, = rg%(szl)\(z)) (4.10)

for m < 0.

A(z) can be found from the equation

det(L(X\) — 2™M) =0 (4.11)
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with elliptic Lax matrix L

Liy(N) = e"®(a; —x; —n, N [ ] (4.12)
Equation (4.11) have unique solution near z = 0.
Nontrivial calculations conducted in this paper prove that, degeneration of el-
liptic curve to its rational or trigonometric limits gives the same results as ones

obtained before.

4.3 Matrix KP

The singular (in general, elliptic) solutions to the matrix KP equation were investi-
gated in (Krichever and Zabrodin [1995]). It was shown that the evolution of data
of such solutions (positions of poles and some internal degrees of freedom) with
respect to the time t, is isomorphic to the dynamics of a spin generalization of
the Calogero-Moser system (the Gibbons—-Hermsen system (Gibbons and Hermsen
[1984])). The generalization of this connection to whole hierarchy was studied in
(Pashkov and Zabrodin [2018]) for rational solutions. It appears, that dynamics in
t,, is governed by Hamiltonian H,, = trL™.

Trigonometric version of this result is considered in (Prokofev and Zabrodin
[2020]). There are trigonometric solutions of matrix KP hierarchy constructed in

this paper. It is proven, that

N
T = H(GQW — 2t (4.13)
=1
with 5
2ye 1 Mag (8)b; (¢)
Wias = Sap— Y e (4.14)

are solutions to whole matrix KP hierarchy if and only if dynamics of z;(t),

a$(t), b&(t) in t,, is governed by Hamiltonian

1

Hy=—
2(m + 1)y

tr (L +~0)"™" — (L —~D)™) (4.15)
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where

v bfag

sinh(y(z; — z))

Ljk = =pjoje — (1= ) (4.16)

with nonzero Poisson brackets {z;,p;} = ¢;; and {af, bf} = 00,30;-
Appendix 4.3 (Prokofev and Zabrodin [2021c|) contains further generalization to
the elliptic level.

T = H o(z — x(t)) (4.17)
with
Wias = Sap = 3 aZ (0] (B)C(@ — ai(?)) (4.18)

is solution of matrix KP if dynamics of poles and spins in t,, is governed by
H,, = res (2" \(2)) (4.19)

Z=00

where A\(z) = > A\, (z) and each \,(z) is different solution of

«

det(L(Ay) — (z+C(A\a))I) =0 (4.20)

with elliptic Lax matrix

Ljx = —pjoju — (1 — ) @(x5 — 1, A) Z bf;allf- (4.21)

It appears, that equation (4.20) has n different solutions near z = oo and each
Aa(2) is generating functions of H,,-Hamiltonians corresponding t,, flow. So we
obtained not only correspondence between Matrix KP and spin Calogero-Moser, but
between multi-component KP and spin Calogero-Moser.

Rational and trigonometric limits are also found and they match with results

from previous papers.
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Appendix A

V.Prokofev, A Zabrodin "Toda lattice hierarchy and trigonometric Rui-
jsenaars—Schneider hierarchy"

Journal of Physics A: Mathematical and Theoretical, 2019.

Contribution: I conducted all calculations independently. I suggested to use

functions ¢(x) and ¢(z) for which linear problems (4.9), (4.10) are the same as
for Baker-Akhiezer functions of mKP part of hierarchy up to variable changing.
Using formula for inverse Cauchy matrix (4.21) I found an explicit formulas for

Hamiltonians corresponding to dynamics in negative times.

CopyRight: According to the Copyright Agreement, the author of the article
can use the full journal version of the article in his thesis, provided that the source

is indicated.
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Abstract
We consider solutions of the 2D Toda lattice hierarchy, which are trigonometric
functions of the ‘zeroth’ time #y = x. It is known that their poles move as
particles of the trigonometric Ruijsenaars—Schneider model. We extend
this correspondence to the level of hierarchies: the dynamics of poles with
respect to the mth hierarchical time z,, (respectively, 7,,) of the 2D Toda lattice
hierarchy is shown to be governed by the Hamiltonian which is proportional to
the mth Hamiltonian tr L™ (respectively, tr L~") of the Ruijsenaars—Schneider
model, where L is the Lax matrix.

Keywords: Toda lattice hierarchy, Ruijsenaars—Schneider system, dynamics
of poles

1. Introduction

The 2D Toda lattice (2DTL) hierarchy is an infinite set of compatible nonlinear differential-
difference equations involving infinitely many time variables t = {t1,1,,3,...} (‘positive’
times), t = {7,%,7%, ...} (‘negative’ times) in which the equations are differential and the
‘zeroth’ time 7y = x in which the equations are difference. When the negative times are frozen,
the equations involving x and t variables form the modified Kadomtsev—Petviashvili (mKP)
hierarchy which is a subhierarchy of the 2DTL one. Among all solutions to these equations,
of special interest are solutions which have a finite number of poles in the variable x in a fun-
damental domain of the complex plane. In particular, one can consider solutions which are
trigonometric or hyperbolic functions of x with poles depending on the times.

The investigation of dynamics of poles of singular solutions to nonlinear integrable
equations was initiated in the seminal paper [1], where elliptic and rational solutions to the

1751-8121/19/495202+21$33.00 © 2019 IOP Publishing Ltd  Printed in the UK 1
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Korteweg-de Vries and Boussinesq equations were studied. It was shown that the poles move
as particles of the integrable many-body system [2-5] with some restrictions in the phase
space. As it was proved in [6, 7], this connection becomes most natural for the more general
Kadomtsev—Petviashvili (KP) equation, in which case there are no restrictions in the phase
space for the Calogero—Moser dynamics of poles. The method suggested by Krichever [8] for
elliptic solutions of the KP equation consists in substituting the solution not in the KP equa-
tion itself but in the auxiliary linear problem for it (this implies a suitable pole ansatz for the
wave fuction). This method allows one to obtain the equations of motion together with their
Lax representation.

The further progress was achieved in Shiota’s work [9]. Shiota has shown that the cor-
respondence between rational solutions to the KP equation and the Calogero—Moser system
with rational potential can be extended to the level of hierarchies. The evolution of poles with
respect to the higher times #; of the KP hierarchy was shown to be governed by the higher
Hamiltonians H; = tr L* of the integrable Calogero—Moser system, where L is the Lax matrix.
Later this correspondence was generalized to trigonometric solutions of the KP hierarchy (see
[10, 11]).

Dynamics of poles of elliptic solutions to the 2DTL and mKP hierarchies was studied in
[12]. It was proved that the poles move as particles of the integrable Ruijsenaars—Schneider
many-body system [13] which is a relativistic generalization of the Calogero—Moser system.
The extension to the level of hierarchies for rational solutions to the mKP equation has been
made in [14] (see also [15]): again, the evolution of poles with respect to the higher times 7 of
the mKP hierarchy is governed by the higher Hamiltonians tr L* of the Ruijsenaars—Schneider
system.

In this paper we study the correspondence of the 2DTL hierarchy and the Ruijsenaars—
Schneider hierarchy for trigonometric solutions of the former. Our method consists in a direct
solution of the auxiliary linear problems for the wave function and its adjoint using a suitable
pole ansatz. The tau-function of the 2DTL hierarchy for trigonometric solutions has the form

T(nt ) = exp( Z ktktk) H( e eZ'yxx-(t,i))’

where «y is a complex parameter. (The zeros x; of the tau-function are poles of the solution.)
When + is purely imaginary (respectively, real), one deals with trigonometric (respectively,
hyperbolic) solutions. The limit v — O corresponds to rational solutions. We show that the
evolution of the x;’s with respect to the time ,, is governed by the Hamiltonian

sinh(myn)
maymn

where the parameter 7 has the meaning of the inverse velocity of light and

H, = — trL”, (1.1)

- v eTP sinh(y(x; —x; + 7))
) 11

U sinh(y 0y~ — ) i sinh(y(x —x) (12)
is the Lax matrix of the trigonometric Ruijsenaars—Schneider system. In particular,
sinh(y x, —x+1n))
e"Pi
Z H sinh(v(x; — x7)) (1.3)

is the standard first Hamiltonian of the Ruijsenaars—Schneider system. In a similar way, the
evolution of the x;’s with respect to the time 7, is governed by the Hamiltonian
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A, = SR (14)
moyn

The paper is organized as follows. In section 2 we remind the reader the main facts about
the 2DTL hierarchy. Section 3 is devoted to solutions which are trigonometric functions of
x = ty. We derive equations of motion for their poles as functions of the time #,. In section 4 we
consider the dynamics of poles with respect to the higher times and derive the corresponding
Hamiltonian equations. In section 5 we derive the self-dual form of equations of motion and
show that it encodes all higher equations of motion in the generating form. In section 6 the

determinant formula for the tau-function of trigonometric solutions is proved.

2. The 2D Toda latttice hierarchy

Here we very briefly review the 2DTL hierarchy (see [16]). Let us consider the pseudo-dif-
ference operators

L=+ S UMW, L= c(we ™ + 3 T,
k=0 k=0

2.1

where e is the shift operator (e*"?:f(x) = f(x + 1)) and the coefficient functions U;, Uy are
functions of x, t and t. They are the Lax operators of the 2DTL hierarchy. The equations of
the hierarchy are differential-difference equations for the functions Uy, Ui. They are encoded
in the Lax equations

L= [An L], 0,L=[AnL]  Ay=(L")0, 2.2)
O, L=[An L], 0,L=[AnL]  A,=(L")<0, (2.3)

knOx — knOx knOx — knOx
where (ZZ Uyekno ) 0= Z@O Uyekn9:, (ZkeZ Uyekno ><0 = yeo Uke 9% For example,
Ap = e + Up(x), A; = c(x)e "%,
An equivalent formulation is through the zero curvature (Zakharov—Shabat) equations

at,,-Am - 81,,,-An + [-Am’ An] = 09 (24)
&t,,-Am - 81,,,-'“}1 + [-Am’ An] = 09 (25)
&L,Am - &lm-jn + [-jm’ An] =0. (26)

In particular, at n = 1, m = 2 we obtain from (2.4)

0 (Vo) + Uo(x = m)) = Ur(x+ 1) = Ur(x = )
2.7
0, Uo(®) = 0, (V3 () + Unx +m) + Ui ()).

Excluding U from this system, one gets the mKP equation for v(x) = Up(x):

B (06 +m) = 0(x)) = 82 (0x + m) + 0(x)) + 8, (PP(x +m) = ().
(2.8)
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From (2.5) at m = n = 1 we have

O, logce(x) =v(x) —v(x —1n)

Oho(x) = clx) = c(x +n).

Excluding v(x), we get the second order differential-difference equation for c¢(x):

01,05 log c(x) = 2¢(x) — c(x +n) — c(x —n)
which is one of the forms of the 2D Toda equation. After the change of variables
c(x) = e?®)=2(=n) jt acquires the most familiar form

0,05 p(x) = P =Pl _ gplrn)—e(x), (2.9)

The zero curvature equations are compatibility conditions for the auxiliary linear problems
Ot = Ap(x)h, Oy 1h = Ap(x)1), (2.10)

where the wave function ¥ depends on a spectral parameter z: ¢ = 1)(z; t). The wave function
has the following expansion in powers of z:

= /1€ (1 N 51(’2“) n 52(’;’;’0 4. > , @.11)
where
-~ k
£(t.z) = ;;tkz : (2.12)

The wave operator is the pseudo-difference operator of the form

W(x) =14 & (x)e™ % + &(x)e 2% 4. (2.13)
with the same coefficient functions & as in (2.11), then the wave function can be written as

Y= W(x)z"/"eg(t’z). (2.14)
The adjoint wave function 1t is defined by the formula

Of = (Wix =)~z em8t2) (2.15)

(see, e.g. [17]), where the adjoint difference operator is defined according to the rule
(f(x) o €M) = e=™%% o f(x). The auxiliary linear problems for the adjoint wave function
have the form

—0, 9" = Al (x = n)yT. (2.16)
In particular, we have:

I (x) = P(x +n) +ox)P(x),
(2.17)
=0yt (x) = Pt (x —n) + v(x — )Y (x),
Onh(x) = c(x)yp(x —n). (2.18)

A common solution to the 2DTL hierarchy is provided by the tau-function 7 = 7(x, t, t)
[18, 19]. The hierarchy is encoded in the bilinear relation
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% 25 —leﬁ(t,z)—i(t’z)T(x,t — [z_l},f)T(x' + .t + [Z_l]’f/) dz

(2.19)
_ ‘%Zx—nx _1eg(f,zfl)_g(f/,zfl)7_<x +, ti— [Z])T(x,’t/sfl + [Z])dZ
0
valid for all x,x/, t, t/, t,t/, where
1 1
t+ g = {tl tanE Rt §z3,...}. (2.20)

The integration contour in the left hand side is a big circle around infinity separating the
singularities coming from the exponential factor from those coming from the tau-functions.
The integration contour in the right hand side is a small circle around zero separating the
singularities coming from the exponential factor from those coming from the tau-functions.
In particular, setting x = x’, t = t/, one obtains from (2.19) the bilinear relation for the mKP
hierarchy

1

b —1,.6(tz)—€&(t 2) A ’ —1 _ ’
zﬂijiz e T(x,t [z ])T(x+n,t+[z ])dz T(x 4+ n,t)7(x, t'). 221

Consequences of the bilinear relations (which are in fact equivalent to the whole hierarchy,
see [20]) are the equations

prixtnt+ N = L Or(n 6 ) = A+ 970 t+ A = [p7 11

A= p)r(x+n.t+ AL O7(xt— [p'] 1) =0,
(2.22)

T t— A7 Ottt = [V]) — (ot O T (nt — (AT 6= [v])

=27 Ir(x +ntt— [V])T(x —n,t — A7), 0). (2.23)

There is also an equation similar to (2.22) with shifts of the negative times. Together with the
tau-function 7 it is convenient to introduce another tau-function, 7/, which differs from 7 by
a simple factor:

7' (x,t,t) = exp Z ket | T(x, 6, 0). (2.24)
k=1

The coefficient functions of the Lax operators can be expressed through the tau-function.
In particular,

ey T(x+mn) _ Tt —n)
UO(X) - U(X) - 8!1 IOg T()C) ’ C(X) - 7'2()6) . (225)
After this substitution the mKP equation (2.8) becomes
Tt TN
ML /A log —~~ "
9, log T3 = 0 log(r(x ) () + (9 los T SE) - 226)

which can be also represented in the bilinear form

T, T(x +n) = 7(x + 1) 7(x) = 7(x + MR T(x) = 20,7(x + M)y 7(x) + T(X) T (x + 7).
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The Toda equation (2.9) becomes

Tx+n)Tlx—1n)
7*(x) '
The wave function and its adjoint are expressed through the tau-function according to the
formulas

0, 0x logT(x) =1— (2.27)

—11 ¥
_ gt TRt =LY
W= 7/e oty (2.28)
—11 ¥
ot = /et Tt 1Y) (2.29)
7(x,t,t)
One may also introduce the complimentary wave functions v, 1! by the formulas
© g T(x+n,t,t—[7])
O = 7/"e s , (2.30)
_ - —n,tt
S HTx —mtt+ [2]) 2.31)

7(x, t,t)

They satisfy the same auxiliary linear problems as the wave functions 1, 1. It will be more
convenient for us to work with the renormalized wave functions

T ey Tt [2])
P(x) = Y P(x) = /et et (2.32)
N 7(x) Tty —x/ —g(f,z*‘)T(x_?%t»f‘F [2])
Pl (x) = e Pi(x) =z"""e e (2.33)

It is easy to check that they satisfy the linear equations

Ond(x) = Blx — 1) = BHx).  —06!(x) = ¢! (x + ) — Bx — ) (x).
(2.34)
where 9(x) = 9y, log %z;")

Finally, let us point out useful corollaries of the bilinear relation (2.21). Differentiating it
with respect to 7,, and putting t = t’ after that, we obtain:

Ziﬂ'i z’”_17'<x,t— [z_1]>7(x+77,t—|—[z_1])dz
> (2.35)
=0, T(x +n,t)7(x,t) — Oy, T(x, t)T(x + 1, t)
or
res (z’"w(xw*(x + n)) = 0, log T(f_(l_)n) (2.36)

In a similar way, differentiating the bilinear relation (2.19) with respect to 7, and putting
x=x',t=1t, t =t after that, we obtain the relation

res (7606 (x +1)) = 0, log "> L1

W- (2.37)
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Here res, res are defined according to the convention res(z7") = Su1» res(z") = Gpr-
0

0 0 e’}
3. Trigonometric solutions to the mKP equation

We are going to consider solutions which are trigonometric (i.e. single-periodic) functions of
the variable x. For trigonometric solutions the tau-function has the form

N
) =[] (em - ezw"'(t)). 3.1)

i=1
(In this section we ignore the dependence on the negative times keeping them fixed to zero.)

This function has a single period 7i/ in the complex plane. As in [11], we pass to the expo-
nentiated variables

2%y = e20N, (3.2)

w=e
In these variables, the tau-function becomes a polynomial of degree N with roots w; which

are supposed to be distinct: 7 = [[.(w — w;). The function v(x) = 0;, log (T(x +n)/ T(x)) is

Wi o,
v(x)=Z(W_Wi _qw—w,->’ (3.3)

where

q= e 3.4

and here and below dot means the #-derivative.
We begin with the investigation of the #,-dynamics of the poles. The ansatz for the ¥-func-
tion depending on the spectral parameter z suggested by equation (2.28) is

P = Zx/nenz (1 + Z szc;,> , (3.5)

where we have put 7 = 0 for k > 2. The coefficients ¢; depend on t and on z. Substituting 1)
and v into the first auxiliary linear problem in (2.17) —0,, 9 (x) + ¥ (x + 1) + v(x)¥(x) = 0,
we get:

. . _]
Z Ci Z Ci Z WiCi Z q Ci
— W — w; — W — Ww; — (W — w;) w— g lw;
1 1 1

1 Wi wig~! Wi wig ™! ck
+o - + - =0.
Z’YZ(W—W,' w—q*lwi) Z(w—wi w—q'w; ;w—wk

i

The left hand side is a rational function of w vanishing at infinity with simple poles at w = w;
and w = ¢~ 'w; (the second order poles cancel identically). We should equate residues at the
poles to zero. This gives the following system of linear equations for the coefficients c;:
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W,'Ck 1 .
ci — —_— = —W;
“ qzk: wi—qwie 2y

. Wi Wy WiCk WiCk
é=c -y —— |+ —qy ———. 3.6
o ;wﬁm Zk:qwfw kzﬁwﬁw ;Wi*qwk (.0)

In a similar way, the adjoint linear problem 9, % (x) + 9T (x — 1) + v(x — 1)y T(x) = 0 with
the ansatz for the ¢ -function

2~ct
T — ,=x/me—nz [ 1 G
Pl =z"""e ( +§i w—w,») (3.7

leads to the linear equations for the coefficients c;:

wicy 1 .
D e .l
. Wk — qwi Y

. Wi qwi wi;c w;c
ag=c (> + +) -y k_
Wi — Wi X Wi — qWk Wi — Wk qwi — Wi

ki ki k
(3.8)
After the gauge transformation ¢; = c;w; 12, ¢ =ciw; '/2 the above conditions can be writ-
ten in the matrix form
(z[ - q1/2L)E =XW'%, 9,¢= Mg, (3.9)
ex! (zl - q*‘/zL) = —e'W'/2, §,¢ = —&M, (3.10)
where€ = (¢y,...,¢y)Tisacolumnvector,&* = (¢}, e ¢y )isarow vector,e = (1, 1,..., 1)7,
1 is the identity matrix and the matrices X, W, L, M, M are
X = diag (x1,x2,...,xy), W =diag (wi,wo,...,wy), (3.11)
. 1/21/2
xw: " Tw;
Lj=2vq"* ——1—, (.12)
Wi — qw;
wi +w wi +w, aw!Pwl/? ! Pwl/?
My = 0y Zlikxk_zuxk by T (1= ) — 2yg——
Py Wi — Wik qwi — Wik Wi — Wj Wi — gwj
(3.13)
wi+w w; + gw, o) Pl xwl/zwl/2
M S i k i k i J 11—, o) i J
J! R kz#iwl Wi ;w — gwi Wi — w; ( U) Wi — qw;
(3.14)
8
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The following commutation relation can be checked directly:
g \PWL — ¢'PLw = W™ 2PWEW!/2, (3.15)

Here E = e ® e’ is the rank | matrix with matrix elements E;; = 1. This commutation relation
will be important in what follows.

The system of linear equation (3.9) is overdetermined. Taking the #-derivative of the first
equation in (3.9) and substituting the second equation, one obtains the compatibility condition
of the system in the form

(L+ [L,M])é+q*1/2(X+fyX2fMX)Wl/ze:O. (3.16)
A straightforward calculation shows that

L+[L.M]=RL,
(x T MX) Wl/2e = RXW'/%e,

where

R=XX"'"4+D"4+D —2D°

and the diagonal matrices D=, Dy are

Therefore, the compatibility condition takes the form R¢ = 0 which means that R; = 0 for
all i. This leads to the equations of motion of the trigonometric Ruijsenaars—Schneider model

o= )ik (COth('Y(xik + 1)) + coth(y(xix — 1)) —2 COth(%k))
kA

_ Z 27 sinh?(yn) cosh(vxi)
Py “Fsinh(yxi) sinh(y (xi +n)) sinh(y(xx — 7))’ (3.17)
where xj = x; — x;. The matrix equation L + [L, M'] = 0 with
Xi
Ly = bt =) (3.18)

sinh (7 (x; — 7))

Mj; = oy Z)'ck coth(yxy) — Z)'ck coth(y(xx + 1)) | + (1 —6;) = Bl

o P sinh(~yx;)
(3.19)
provides the Lax representation for them.
Equations (3.17) are Hamiltonian with the Hamiltonian
p sinh(vy(xx + 1))
Z H sinh (yxi) (3.20)
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and the canonical Poisson brackets between p; and x;. The velocity is given by

4= o H sinh(y(xix + 1))
1 .
sinh(vyxy)

The Lax representation implies that the higher conserved quantities are tr L™. It is proved in
[21] that they are in involution, i.e. the system is integrable.

Let us consider the transformation of the phase space coordinates ( p;, x;) — (u;, x}), where

!

x; = x; and

sinh(y(xix + 7))

= log Xx; = np; 1 -
08X =1pi+ Z ©8 sinh (o)

ki

Then the derivatives transform as follows:

+ logn. (3.21)

Of 0w Of ox, of Of
N Z Op; Ouy Z Op; Ox;, - naui’ (3.22)

87)6,' 8xl~ 6uk 8)6,‘ 87)(?]/(
o of
AR ;(Coth(v(m + 1)) — coth(yxi)) (3.23)

+ Z Bur (coth(y(xix + 1)) — coth(yxi))-
k#i

At this point we finish the discussion of the #;-dynamics of poles and pass to the higher times
in the next section.

4. The higher Hamiltonian equations

4.1. Positive times

In order to study the dynamics of poles in the higher positive times t, we use the relation
(2.36), which, after the substitution of the wave functions for the trigonometric solutions,
takes the form

1 2v¢; 2veg O, w; O w;
1 Tk ) dr = T T )
2mi < +Z >< qu—wk ¢ Z w—w;  gw—w;

1

The both sides are rational functions of w with simple poles at w = w; and w = ¢~ 'w; vanish-

ing at infinity. Identifying the residues at the poles at w = w; in the both sides, we obtain:
O, Xi = —27y1es (sz?WfIE,-). 4.1
From (3.9) and (3.10) we have:

- 1 .
_ 7(21 q]/ZL) Wfl/ze’ C* — —TCTWI/Z(ZI _ qfl/ZL)flwwfl.
Y

10
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Substituting this into (4.1), we get:

1 _ 1 . —1)2
Oy, xi = ——Tes ) ’"1/2(7) 1(7) i
X Vres 2 |:Z Wy d— gL i d— gL "V

1 : 1 1
= —restr | "WW 1 2ZEW!/? EW™! ,
27y o zI—q"/zL 2 — g'/2L

where E; is the diagonal matrix with the matrix elements (Ej)jk = 0;j0;. Using the commuta-
tion relation (3.15), we have:

_ 1 m —1/2 1/2 1 —1 1
8[m.xl' = Z res tr (Z (q WL — q LW)m ElW m

1 n 1 1
= ﬂroeos tr (z (Eizl—q*I/ZL _Eizl—ql/zL)> .

Next, we use the easily proved identity

OL OL _, 0L
Ox; 814, = 19)2]

(see (3.22)) to continue the chain of equalities:

9 1 e oL L™! oL L™!
Xj = ——Tres tr _ 9
fm 2yn oo ¢ Op;i 2l —q~ /2L Op; 2 — q'/?L

= 1 (qu/Z _ qm/Z) tr <6L L= 1) = Snlll(nwm;pter. 4.2)

EL=xi—

2yn Ipi moyn
In this way we have obtained one half of the Hamiltonian equations for the higher flows
OH inh
almxi — m , Hm _ _Sln (m’w/]) ter, (43)
Ipi moyn

where the Lax matrix L is given by (1.2). In particular, the Hamiltonian H; coincides with
(3.20).

The derivation of the second half of the Hamiltonian equations is more involved. The idea
of the derivation is the same as in [ 14]. First of all, we note that (4.3) can be written in the form
sinh(mvyn)

myn
Differentiating this equality with respect to #; and using the Lax equation, we get:

Oy, % = —mnkptr (E;[M', L") = —mnti,te (L™ [E;, M']).

O, Xi = —mnEptr (EL™), Ky =

Now we apply 0;, to equation (3.21):

- . —1 sinh (7 (xi + 1))
O,pi=mn""0,,logx; — Z Z ox, W 0r, %
JoI#E

1
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' h(y(xiz + 1))
- (M) . Sm—’t E.L"
mey%; e (L"[E;, M']) + mk zj:; Ox;: sinh (yx;) (ELT)

= —mK,, tr (A(")L’"*l> ,

where the matrix A® is

N h(y(xi + 1))
AD = iV (LEM' — M'E.L) — Sm—E.L.
i E}:; T e o et S O

Note that the diagonal part of the matrix M’ (3.19) does not contribute, so instead of the matrix
M’ here we can substitute its off-diagonal part

1/2.1/2
A= 21— 5
v i W,'—Wj

Let us calculate the matrix elements:

. w; +w, w; +w,
(LEiA)jk = 'yx,»ij ( ! k — awi k) (1 — 6ik);
Wi — Wi qwi; — Wy

. wit+wj  w; +gwg
AE,L ik — — ,'L' S 1— (5," s
( Ji Tk (w,-—wj wi—qwk) ( i)

smh Xir
Z Z 6x1 slnh((’yxj,_)n)) (EiL)ix

I r#i

qw; +w, wi +w gw; +w;  w; +w;
= 05Li Y ( S r)*v(lf&j)ij( — j)-
oy qw; — Wy Wi — Wy qwi — wj Wi —Wj

Combining everything together, we obtain the matrix elements of the matrix A®:

(i) wi + wi Wi + gwi qwi + Wi
A = 1L 1 — ) — 1-9; dik — 0y
0= o (g - SR gy PG, )
5 qwi + wy Wi+ wy
Y X qwi — Wy Wi — Wy (45)
r#i
Our next goal is to prove that
i oL i
AD — o [C(),L], (4.6)
where the matrix C% is given by
; +w; Wi + Wi
c) — T Wi E.
VZCIWI—WI' : ngl_wi : @7
12
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From this one concludes that

, oL 0
0y, pi = —MEytr (A(’)Lm_l) = MK, tr (8 Lm_1> = K= tr L™,
Xi

8)6,‘
This yields the second half of the Hamiltonian equations for the higher flows:
OH,
Oy pi = ———. .
i s (4.8)

In order to prove the identity (4.6), we calculate matrix elements of the right hand side and
compare them with (4.5). Indeed, we have:

8ij AL w; + gwy
3x,- ik

Wi + qw; wi + wj
(B = By) + T (1= ) —
Wi — qwg Wi — qw; Wi — W

(1—4dy)

5 (qw,:—i—wr_w,:—i—w,) ’
\awi—we W= w

i Wi + w; Wi +wi Wi+ w; Wi+ w;
[C(')’L]jk:%f’k<qj o — (1= 6y) + = (1—5f")>’

qwi — w; qwip — Wi Wi —w; Wi — W;

and one can check that A®) + 9L /dx; + [CY), L] = 0.

4.2. Negative times

In order to investigate the dynamics of zeros of the tau-function in the negative times, we first
consider the 7j-evolution. We will work with the complimentary wave functions ¢, ¢! given
by (2.32) and (2.33) for which we use the ansatz

B(x) = /e (1 + quw> ’ 4.9)

N ! 2vb*
BT (x) = 77/ Me™2 <1+zi:q—lwiw,~ , (4.10)

where b;, b} are some unknown coefficients depending on the times and on z but not on x.
Substituting them into the linear equation (2.34), we can write down the conditions of cancel-
lation of the poles in the way similar to that of section 3. In fact the equations for b; are the
same as for ¢} up to changing z to —z~!, w to gw and 9, to d5,. The equations for b} and c;

. .. . ~ —1/2; 7 —1/2
are connected in a similar way. Passing to b; = w, / b, b} = w; / b?, we have, after some
algebra, in the notation of section 3:

b’ (0, X) " (27 T+ ¢~ PL) = W', (4.11)

(z7'T+¢'’L)b* = —9, X W'/ %, (4.12)

where f)T = (Z)l, e l;N) b = (I;’f, e, l;,’t,) and the matrix L reads

_ (')‘Lx,-wil/zwv2
L;= 27q‘/2ﬁ. (4.13)
i J

13

57



J. Phys. A: Math. Theor. 52 (2019) 495202 V Prokofev and A Zabrodin

This matrix satisfies the commutation relation (3.15) with d; W instead of W= o, W
g \PWL — ¢'’Lw = w29, W EW'/?, (4.14)
Using the relation (2.37), we find, similarly to (4.1):

Oy = —2yres (2257 (B wi) D). (*.15)

Substituting here the solutions of linear systems (4.11), (4.12) and using (4.14), one can repeat
the calculation from section 4.1 with the result

sinh(myn)
Y

Our next goal is to derive a relation between the Lax matrices L and L. For this, we need
a relation between the velocities x; = 0,,x; and 05, x;. The latter can be derived from the Toda
equation (2.27). Substituting the tau-function in the form 7 = [[.(w — w;), we get

& xi = (—1)" tr (EL™). (4.16)

_Z@ﬁnwt _Zanwz&lwz ] (qW*Wk)(q*‘vg*Wk).
w—w; p (w—wy)
Identifying the second order poles in the both sides, we obtain the relation

Hk(qwi - Wk)(q_lwi — Wy)

O, wi O w; = [T — wi)? (4.17)
or

0, X 0, X = 412 WU U, (4.18)
where the diagonal matrices U are

w; w

(Ux); —%M- (4.19)
Next, we need the formula for the inverse of the Cauchy matrix

Cy= # (4.20)

wi — qw;

We have:

¢! = 1 _ [ (gwi = wi) (w; — gwi) @20

qwi —WwWj q Hl;éj(wj wi) H[’;ﬁi(wl wr)

or

c'=—qu_C'u,. (4.22)
Now we write L = 2vq'/28, X W'/2CW'/? and find, using (4.22) and (4.18):

- — %I/ZW’I/ZC’IW’I/Z((),IX)’I

gl

= 2yg' 2w RU_CTW 28 x WAL

14
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T
— _2yg'PWlU (&IX W1/2CW1/2) (W-ly_)!

=-wlv_L"w-'v_)™!
We see that the matrix —L7 is connected with {fl by a similarity transformation with a diago-
nal matrix. Using the fact that E;L = —n~'0L/0p;, we can therefore rewrite equation (4.16)
as
inh 0 OH,
sinh(myn) 9w _ OHn
myn  Op; Ipi
which is one half of the Hamiltonian equations for the negative time flows.
The derivation of the second half is straightforward. We note that

O Xi = mnky, tr (EL7™),

O X = — (4.23)

where we use the notation of section 4.1. In the complete analogy with the calculation in the
previous subsection, we have

0;,Di = MK tr (A(i)L_m_l)

with the same matrix A® (4.4). By virtue of (4.6) we obtain:

—1

(L*‘)"H) =L,

05, Pi = —Mby tr (STI; L*’"*l) = MKy tr <6L Ix:

8)(?1'

which are the Hamiltonian equations

OH,
O pi = ——— (4.24)
8x,-
with H,, given by (1.4). In particular,
_ 51nh 777 _ sinh(y(xy —
H = D e H sinh(y (i — 7)) (4.25)

sinh (vyxy)

5. The generating form of equations of motion in higher times

In the above analysis we parametrized the wave function by residues at its poles. Another
possible parametrization is by zeros and poles. It leads to the so-called self-dual form of equa-
tions of motion. In this section we derive these equations and show that they provide a gener-
ating form of equations of motion for the Ruijsenaars—Schneider model in the higher times.

In this section we keep the negative times t fixed and consider only the depend-
ence on t. In accordance with (2.28) we have (i, x,t) = u*/"e¢(#)7(x, t) /7(x,t) (here
#(x,t) = 7(x,t — [1~'])), then the auxiliary linear problem (2.17) acquires the form

H) )
Onlog o T P T )

G.D

15
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For trigonometric solutions 7 is of the form (3.1) and for 7 we write

s H(ezw _ em») _ H(W —v), v=e, (5.2)

l 1

parametrizing it by its zeros y;. Substituting this into (5.1), we have:
Wi i)i N (W — wk)(qw — Uk)
Zi:qw—w,- Zi:w—v,- Ml;[(w—vk)(qw—wk)

1

Identifying residues at the simple poles at w =g~ w; and w = v;, we get the system of

equations
27x1:‘u‘(17 HWz CIWJH _
i Wi — W — qUx
(5.3)
. qui — U; U — W
2y = (1 —
Wi = (1 —q) L = Lo =
or

v — —usin sinh(y(x — x5 — 7)) sinh(7(x; — yt))
vk = —psinh(yn) g sinh(y(x; — x;)) 1;[ sinh(y(x; — y« — 1))

sin sinh(y(yi —y; + 1)) sinh(y(yi — x))
w5006 Ll ame o e

5.4
This is the Ruijsenaars—Schneider analog of the Backlund transformation for the Calogero—
Moser system [22, 23]. These equations appeared in [24] in the context of the integrable time
discretization of the Ruijsenaars—Schneider model (see also [25, 26]). One can show that the
equations of motion of the Ruijsenaars—Schneider model for x;’s follow from (5.4) and y,’s
obey the same equations (for the proof see [25]).
At the same time these equations contain all the higher equations of motion in an encoded
form. To see this, we introduce the differential operator

Vi

J#

—k

=> ”7 Oy (5.5)

k>1

then 7 = e P71 and y; = e P(Wx,. Performing an overall time shift in the second equa-
tion in (5.4), we can rewrite them in the form

) . sinh(y(x; —x; — 1)) s1nh (xi —e~PWx))
. _isinh —

VX, 4 S (777) L[l Slnh( _ Xj) H 51nh —e” D(”)xk - 77))
. . sinh(y(x; — x; + 77 ) smh (xi — ex))
;= —psinh -

X psinh(ym) ,1;[, Slnh( —Xxj) H sinh(y(x; — ePWx, + 1))’

5.6
Dividing one equation by the other, we obtain the equations ©.6)
l—N[ sinh(y(x; — e?Wxy))  sinh(y(x; — x¢ + 1)) sinh(y(x; — e PWx, — ) .
iy sinh(y(xi — P xy +n)) sinh(y(x; —xc — 7)) sinh(y(y — e Plx)) 5.7

16
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which are, on one hand, equations of motion for the Ruijsenaars-Schheider system in dis-
crete time (see [27]) and, on the other, provide the generating form of the higher equations of
motion in continuous hierarchical times. Indeed, expanding (5.7) in (inverse) powers of u, one

gets the set of the higher equations of motion. In particular, equations (3.17) are obtained by

expansion of (5.7) up to .

6. The tau-function for trigonometric solutions

In this section we prove the determinant formula for the tau-function of trigonometric solutions

7' (x, t,t) = Ac]ls;cv wl — exp (Z:(cfk/2 - qk/z)(tkLg — kaO_k)> Wo |, (6.1
k=1

where Ly = L(0), Wy = W(0). We recall that the tau-function 7’ is connected with 7 by form-
ula (2.24).
The matrix exp (Zk>1 (g% — /) (L — TLy k)) W) can be diagonalized with the help

of a diagonalizing matrix V:
Vexp (Z(q—"/2 — ) (n Lk — kagk)) Wov—! = w.
k=1

There is a freedom in the definition of V: it can be multiplied by a diagonal matrix from the
left. We fix this freedom by the condition

W)/ = "Wy (6.2)
The matrices Wy, L satisfy the commutation relation (3.15) which we write here in the form
q71/2W5/2L0W0—1/2 _ q1/2W0_1/2L0W(;/2 _ WO_IWoe el 6.3)

Let us prove, following [24], that the matrices Wand L = VL, v-! satisfy the same commuta-
tion relation. We have:

q71/2W1/2LW71/2 _ q1/2W71/2Lwl/2 — WI/Z(qfl/ZL_ q1/2W71LW)W71/2

— w2 (q’mVLOV*l _ q1/2VW0’1L0W0V’1)W*1/2

—_ W1/2VW0_1/2 (q*I/ZW(;/zLOWO_]/z _ q1/2W0_l/2LOW(;/2) W(;/valwfl/Z

3/2

— W'2vw, P Woe @ "Wy PV w12

3/2

= W'"2vw, P Woe el

3/2

(The last equality follows from the condition (6.2).) Denoting w3/ ZVWJ Woe = We, we

arrive at the desired commutation relation.

We are going to prove that the function (6.1) satisfies the bilinear equations (2.22) and
(2.23) of the 2DTL hierarchy. We begin with equation (2.22):
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Mf(x+n,t+[¥‘} ') ]
T(x +n,t) 7(x, t)
(6.4)
Tt t+ AT Tt — [T
T(x +n,t) 7(x, t)
(Here and below in the proof we put t = 0 and identify 7 and 7’.) The similarity transfor-

mation with the matrix V under the determinant in (6.1) allows one to write the following
formulas:

+(A = p) =0

T(x,t) = det(wl — W), (6.5)

= M —gq'’L det (W(/\I —q 'L — (M - ql/ZL)W)
Tt + [\ ]):det<WI—771/2 >:
M —gq L det(AI—q*l/zL)
det (w1 = W) — g'1) - ) R
_ — = 7(x,t) 1ftr()\1_ 7 wI—WE) ’
det()\l —qV L) p

where the matrix E = W~ 1/2WEW!/2 has rank 1 and we have used the commutation relation
(3.15) and the formula det(I + A) = 1 + tr A valid for any rank 1 matrix A. Similar calcul-
ations yield

reot—[p']) = r(xt) (1 +tr (wll— W —1ql/zL E)) ,

Y 1
T(x,t+[x1}—[u—l]):det(wz— AM=q L pl=q "L )

M —q 2L ul — ¢'/2L

M —q'?L  ul —q'/°L
= det (wl 1 i >

M —qg 2L " ul —q'/2L

det (WO — g~ L) (ul — g'°L) ~ (M — g *L)W(ul —~°L))

det ()\I - q—'/zL) det (,ul - ql/zL)

det((,u — g PLY(WI — WY — g~ '/2L) + (A — M)E)

det ()\I - q—1/2L> det (Mz - ql/zL)

1 1 T
— () [1+ (O — )t E)l.
T(x’)[ o “)I(Al—q—l/% wl— W ul — g'2L ﬂ

Substituting everything into the left hand side of (6.4), we obtain:

1 1 1 -
LHS of (6.4 Lt E
of (64) > g ’”{Al—q—l/% wl— g~ W ul — g'/2L ]
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Atr ! ! ! E
M—q 2L wl—W ul — q'/2L

~ 1 1 ~
t E|-q 't E
+r[wIWpI—q1/2L } 1 r[)\l—ql/zL wl — g~ 'W ]

1 1 . 1 1 -
—1
—q 't E|t E|.
a r[wI—Wqul/zL }r[/\lql/ZL wl —q—'W ]

This expression is a rational function of w with simple poles at w = w; and w = ¢~ w; vanish-
ing at oo. To prove that it actually vanishes identically it is enough to prove that the residues
at the poles are zero. The residue at the pole at w = w; is equal to

1 1 —12. 12 1 —1/2. 1/2
_)\%:()\I— q*'/2L)ji(,uI— ql/zL)ikwk Wi Z(ul — q'/ZL)ijo Wi

J

1

1/2 1/2

-3 L ) wy il ! ) Wi W
bt ul —q'/2L7) 5/ AN — g7 2L e gqwi — wy

1/2,1/2

Recalling that L; = q"/ 25 % we can rewrite the last line (the triple sum) in the form

wi—qw;

Z( 1 ) W»_I/ZW'W1/2< g '\°L )
m wl —q'/2L) i/ AN — g7 12L ki
from which it is seen that the residue is zero. The calculation for the residue at w = g~
similar.

The fact that the function (6.1) is a KP tau-function with respect to the times t follows also
from the result of Kasman and Gekhtman [28]: for any matrices X, Y, Z such that the matrix

XZ — YX has rank 1 the function

r=det | Xexp(Youzt) +exp(3ourt) (6.6)

>1 =

w; 1S

is a tau-function of the KP hierarchy. In our case X = —W, Z = ¢~ '/2Ly, ¥ = ¢'/?Ly and the
condition that XZ — YX has rank 1 is equivalent to the commutation relation (3.15).
Let us pass to the proof of equation (2.23) which we write here in the equivalent form
L S e O € /A S L A e 1))

' (x =, tt) A 7/(x, 1, 1)

6.7)
=0.

(1)t ) Tt )
A T (x—n,tt) 7/ (x, t, t)

The calculations similar to the ones done above yield:

_ 1 1 -
/ —1 o .
Put+ AL = (6t B) <1 tr(/\l_q_l/zL —= E)>

/ " _ / _ T q 1 ~
Pt 1) =7t (1 (L))

19

63



J. Phys. A: Math. Theor. 52 (2019) 495202 V Prokofev and A Zabrodin

Tut+ At = ) = ¢V (x — .t 1)

1 q 1 ~
1 A—v)t E|].
% ( A=) r()\l—ql/zL wl — gW vl — q'/2L ))

Using the results of the above calculation, it is not difficult to see that the substitution into
(6.7) gives the identity, so the equation (2.23) is proved.

7. Conclusion

The main result of this paper is establishing the precise correspondence between trigono-
metric solutions of the 2D Toda lattice hierarchy and the hierarchy of the Hamiltonian equa-
tions for the integrable Ruijsenaars—Schneider model with higher Hamiltonians. The zeros of
the tau-function move as particles of the Ruijsenaars—Schneider model. We have shown that
the mth time flow ¢, of the 2DTL hierarchy gives rise to the flow with the Hamiltonian H,,
of the Ruijsenars—Schneider model proportional to tr L, where L is the Lax matrix, while
the time flow 7, gives rise to the Hamiltonian flow with the Hamiltonian H,, proportional
to tr L~™. In some sense this correspondence is simpler and more natural then a similar cor-
respondence between the KP hierarchy and trigonometric Calogero—Moser hierarchy [11],
which in principle can be obtained from our results in the limit n — 0.
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Abstract—We consider solutions of the matrix Kadomtsev—Petviashvili (KP) hierarchy that
are trigonometric functions of the first hierarchical time ¢; = z and establish the correspon-
dence with the spin generalization of the trigonometric Calogero-Moser system at the level of
hierarchies. Namely, the evolution of poles z; and matrix residues at the poles af‘bf of the
solutions with respect to the kth hierarchical time of the matrix KP hierarchy is shown to be
given by the Hamiltonian flow with the Hamiltonian which is a linear combination of the first &k
higher Hamiltonians of the spin trigonometric Calogero—-Moser system with coordinates z; and
with spin degrees of freedom a$* and bf . By considering the evolution of poles according to the
discrete time matrix KP hierarchy, we also introduce the integrable discrete time version of the
trigonometric spin Calogero-Moser system.

DOI: 10.1134/S0081543820030177

1. INTRODUCTION

The matrix generalization of the Kadomtsev—Petviashvili (KP) hierarchy is an infinite set of
compatible nonlinear differential equations with infinitely many independent (time) variables t =
{t1,t2,t3,...} and matrix dependent variables. It is a subhierarchy of the multicomponent KP
hierarchy [5, 10, 23, 24]. Among all solutions to these equations, of special interest are solutions
which have a finite number of poles in the variable x = ¢; in a fundamental domain of the complex
plane. In particular, one can consider solutions which are trigonometric or hyperbolic functions of x
with poles depending on the times to, %3, ... .

The dynamics of poles of singular solutions to nonlinear integrable equations is a well-known
subject in mathematical physics [1, 4, 11, 12]. It has been shown that the poles of solutions to the
KP equation as functions of the time 5 move as particles of the integrable Calogero-Moser many-
body system [2, 3, 15, 18]. Rational, trigonometric, and elliptic solutions correspond to rational,
trigonometric, and elliptic Calogero—-Moser systems, respectively.

The further progress was achieved in [21]|, where it was shown that the correspondence between
rational solutions to the KP equation and the Calogero-Moser system with rational potential can
be extended to the level of hierarchies. Namely, the evolution of poles with respect to the higher
time t,,, of the KP hierarchy was shown to be given by the higher Hamiltonian flow of the integrable
Calogero—Moser system with the Hamiltonian H,, = tr L™, where L is the Lax matrix. Later this
correspondence was generalized to trigonometric solutions of the KP hierarchy (see |9, 26]). It was
shown that the dynamics of poles with respect to the higher time ¢,, is given by the Hamiltonian
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226 V. V. PROKOFEV, A. V. ZABRODIN
flow with the Hamiltonian

Ho = 2(m1+1)7 (L 4 AT)™ — (L — ATy, (1.1)

where T is the identity matrix and 7 is a parameter such that i/~ is the period of the trigonometric
or hyperbolic functions. Clearly, the Hamiltonian H,, is a linear combination of the Hamiltonians
Hy, =tr LF.

In the present paper we generalize this result to trigonometric solutions of the matrix KP
hierarchy. The singular (in general, elliptic) solutions to the matrix KP equation were investigated
in [13]. It was shown that the evolution of data of such solutions (positions of poles and some
internal degrees of freedom) with respect to the time ¢9 is isomorphic to the dynamics of a spin
generalization of the Calogero-Moser system (the Gibbons—Hermsen system [8]). It is a system
of N particles with coordinates x; and with internal degrees of freedom given by N-dimensional
column vectors a; and b; which interact pairwise with each other. The Hamiltonian is

T

H_ﬁ/: 22 (bfay)(bfa;) (1.2)
— smh2 (x; — xp)) '

(here b;r is the transposed row vector) with the nonvanishing Poisson brackets {x;,pr} = d;x and
{af, bg } = 0ap9ir. The model is known to be integrable, with the higher Hamiltonians (integrals of
motion in involution) Hj, = tr L*, where L is the Lax matrix of the model given by

Vb ay

Ljk = —pjdjk — (1 = djx) (1.3)

sinh(y(z; — ax))

Our main result in this paper is that the dynamics of the poles x; and vectors a; and b; (which
parametrize the matrix residues at the poles) with respect to the higher time t,, is given by the
Hamiltonian flow with the Hamiltonian (1.1) and the Lax matrix (1.3). The corresponding result
for rational solutions (y = 0) was established in [19].

We use the method suggested by Krichever [12] for elliptic solutions of the KP equation. It
consists in substituting the solution not in the KP equation itself but in an auxiliary linear problem
for it (this implies a suitable pole ansatz for the wave function). This method allows one to obtain
the equations of motion together with the Lax representation for them.

Another result of this paper is the time discretization of the trigonometric spin Calogero—Moser
(Gibbons-Hermsen) model. (The time discretization of the rational spin Calogero-Moser system
within the same approach was suggested in [25].) Because of the precise correspondence between
the trigonometric solutions of the matrix KP hierarchy and the trigonometric spin Calogero—Moser
hierarchy, the integrable time discretization of the Calogero—Moser system and its spin generaliza-
tion can be obtained from the dynamics of poles of trigonometric solutions to semi-discrete soliton
equations. (“Semi-discrete” means that the time becomes discrete while the space variable x, with
respect to which one considers pole solutions, remains continuous.) At the same time, it is known
that integrable discretizations of soliton equations can be regarded as belonging to the same hierar-
chy as their continuous counterparts. Namely, the discrete time step is equivalent to a special shift of
infinitely many continuous hierarchical times. This fact underlies the method of generating discrete
soliton equations developed in [6, 7]. For integrable time discretization of many-body systems,
see [14, 16, 17, 20, 22]. In this paper, we derive equations of motion in discrete time p for the spin
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generalization of the trigonometric Calogero-Moser model:
Ejj coth (v(zi(p) — z;(p + 1)) (b (P)a;(p + 1)) (b (p + 1a(p))
+ ZJ: coth(v(zi(p) — z;(p — 1)) (b (p)a;(p — 1))(b] (p — a(p))
=2 coth(y(zi(p) — 2;(p))) (b (P)2; (1) (b] (P)as(p)). (1.4)

where a;(p) and b;(p) are spin variables. In the limit 7 — 0 the result of [25] is reproduced.

2. MATRIX KADOMTSEV-PETVIASHVILI HIERARCHY

Here we briefly review the main facts about the multicomponent and matrix KP hierarchies
following [23, 24]. We start from the more general multicomponent KP hierarchy. The independent
variables are IV infinite sets of continuous “times”

t:{tl7t27---7tN}7 ta:{ta,lata,Qata,37”’}7 a:17’”7N7

and N discrete integer variables s = {s1,s9,...,sn5} (“charges”) constrained by the condition
Zévzl So = 0. In what follows, we will mostly put s, = 0 since we are interested in the dynamics

in the continuous times.
In the bilinear formalism, the dependent variable is the tau function 7(s;t). We also introduce
the tau functions

Tap(t) = T(ea — eg; t), (2.1)

where e, is the vector whose ath component is 1 and all the other entries are zero. The N-component
KP hierarchy is the infinite set of bilinear equations for the tau functions which are encoded in the
basic bilinear relation

N
> covcn f d o0 2 b=t D (6 — [27),) g (t + (1)) =0, (2.2)
v=1 Coo

which is valid for any t and t’. Here €,4 is a sign factor: €43 =1if @ < 8, and e, = -1 if a > .
In (2.2) we use the following standard notation:

Z—k

€6y, 2) = > tond®, ([ )ak = tak = dany L

k>1

The integration contour Cy is a large circle around co. Hereafter, we omit the variables s in the
notation for the tau functions.

An important role in the theory of integrable hierarchies is played by the wave function. In
the multicomponent KP hierarchy, the wave function ¥(t;z) and its adjoint ¥'(t;2) are N x N
matrices with the components

« t— -1
\Ilaﬁ(t’ Z) _ Ea/BT B( T(t[)z ]B) Z5aﬁ_1e§(tﬁ’z),

—1
Taﬁ(t + [Z ]Oc) Zéaﬁ_le_g(touz)
7(t)
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(here and below 1 does not mean the Hermitian conjugation). The complex variable z is called the
spectral parameter. Around z = oo, the wave function ¥ can be represented in the form of the
series

w® ) L,
Uop(t;z) = | dap + Z p et ﬁ,z)’ (2.4)

k>1

where w(*) (t) are some matrix functions. In terms of the wave functions, the bilinear relation (2.2)
can be written as

j{dz U(t; 2)UT(t;2) = 0. (2.5)
Coo
Another (equivalent) approach to the multicomponent KP hierarchy is based on matrix pseudo-
differential operators. The hierarchy can be understood as an infinite set of evolution equations
in the times t for matrix functions of a variable z. For example, the coefficients w*) of the wave
function can be taken as such matrix functions, the evolution being w® (z) — w®)(z,t). In what
follows we denote 7(x,t) and w® (z,t) simply by 7(t) and w®)(t), suppressing the dependence
on z. Let us introduce the matrix pseudodifferential “wave operator” VW with matrix elements
k —k
Was = bag + > wi (6)9; %, (2.6)
E>1
where wékﬁ) (t) are the same matrix functions as in (2.4). The wave function is a result of the action
of the wave operator on the exponential function:

N
U(t;z) = Wexp (mz[ + Z Ey&(ta, z)) , (2.7)

a=1

where E, is the N x N matrix with the components (Fy)gy = dagday. The adjoint wave function
can be written as

N
Tl(t;2) = exp (—xz[ - Z E &(tq, z)> wL, (2.8)

a=1
Here the operators 9, involved in W™! act to the left (the left action is defined as f0, = —0,f).
It is proved in [24] that the wave function and its adjoint satisfy the linear equations

where B, is the differential operator Ba, = (WEL0T™W™1),. The notation (-); means the
differential part of a pseudodifferential operator, i.e., the sum of all terms with 9%, where k& > 0.
Again, the operator B, in the second equation in (2.9) acts to the left. In particular, it follows
from (2.9) at m = 1 that

N N
> 0, U(ts2) = 0:W(t52), Y Ok, T(t;2) = 0. T(t; 2), (2.10)
a=1 a=1

so the vector field J, can be identified with the vector field }° 0y, ;.

The matrix KP hierarchy is a subhierarchy of the multicomponent KP one which is obtained
by a restriction of the time variables in the following manner: t,,, = t,, for all o and m. The
corresponding vector fields are related as 0y, = Egzl Oto.m- The wave function for the matrix KP
hierarchy has the expansion

Wap(t;2) = (dag +wl)(£)271 + O(x72)) e HE(E2), (2.11)
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where £(t,2) = > ;5 tr2". The coefficient w! g( ) plays an important role in what follows. Equa-
tions (2.9) imply that the wave function of the matrix KP hierarchy and its adjoint satisfy the linear
equations

O, ¥ (t;2) = BnU(t; 2), —0;,, Ui (t;2) = UT(t;2) By, m > 1, (2.12)

where B,, is the differential operator B, = WOmW~1),. At m = 1 we have 9, ¥ = 9, ¥, so we
can identify 0, and 0, = Z(]lvzl 04, and the evolution in ¢; is simply a shift of the variable x:
wk) (x,t1,t2,...) = w®) (x 4 t1,t9,...). At m =2 equations (2.12) turn into the linear problems

O, =020+ V(t)T,  —9,¥ =20 + TV (t), (2.13)
which have the form of the matrix nonstationary Schrédinger equations with
V(t) = —20,wV(t). (2.14)

Let us derive a useful corollary of the bilinear relation (2.2). Differentiating it with respect to ¢,
and putting t’ = t after this, we obtain

N
1 f (1)
oni > ]{dz 2" Wy (6 2) W) (5 2) = —0p,, w5 (t), (2.15)
v=1 Cos
or, equivalently,
1
r;s(zm‘lla,,\lliﬁ) = —8tmwéﬁ). (2.16)

Here and below the summation from 1 to N over repeated Greek indices is implied. The residue at
infinity is defined according to reso(z7") = 0p1.

To conclude this section, let us make some remarks on the discrete time version of the matrix
KP hierarchy. The discrete time evolution is defined as a special shift of the infinite number of
continuous time variables according to the rule [6, 7|

N N
Tp:T<t—pZ[N_1]a>a \IJP:\y<t—pZ[u—1]a;Z>.

Here p is the discrete time variable and p is a continuous parameter. Every u corresponds to its
own discrete time flow. The limit © — oo is the continuous limit. One can show, using explicit
expressions for the wave functions in terms of the tau function and some corollaries of the bilinear
relation (see [25]), that the corresponding linear problems have the form

:U\IJZﬁ - M‘IIZ—EI = 8w‘I/Z5 ( (1)(]9 +1) - &1)( ))‘I/lljﬁa (2.17)
plly — pUl5 = 0, Wl + Wi (wl) () — w,) (p— 1)). (2.18)

3. TRIGONOMETRIC SOLUTIONS OF THE MATRIX
KADOMTSEV-PETVIASHVILI HIERARCHY: DYNAMICS OF POLES IN ¢,

Our aim is to study solutions to the matrix KP hierarchy which are trigonometric functions of
the variable x (and, therefore, ¢1). For the trigonometric solutions, the tau function has the form

T= CH T _ 21T (3.1)
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where v is a parameter. The period of the function is mi/y. Real (respectively, imaginary) =y
correspond to hyperbolic (respectively, trigonometric) functions. In the limit v — 0 one obtains
rational solutions. The N roots z; (assumed to be distinct) depend on the times t. It is convenient
to pass to the exponentiated variables

w = e?®, w; = e¥%i; (3.2)

then the tau function becomes a polynomial with the roots w;: 7 = C'[[,(w — w;). Clearly, we have
Or = 2yw0y, and 02 = 492 (w202 + wd,,).

It is clear from (2.3) that the wave functions ¥ and ¥' (and thus the coefficient w®), as
functions of x, have simple poles at z = z;. It is shown in [19] that the residues at these poles

are matrices of rank 1. We parametrize them through the column vectors a; = (azl,af, ..,agv )T
b; = (b},02,...,6M)T, and ¢; = (¢},c2,...,e¢M)T (T means transposition) and the row vector
Ci - (C;,kl7c;k27 s 7C;FN):
2w, 1/2 a 6
U,p = e HEE2 [ O 3.3
af € af + EZ: w — w; ’ ( )
i &) [ o1 2y ;o]
—xz—E&(t,z - )
v, =e Costd. ] (3.4)
i 7
where the matrix Cy,g does not depend on . Note that the constant term in the adjoint wave
function is the inverse matrix C’Ojﬁl This follows from (2.8). For the matrices w™") and V = —29,w®)
we have
2yw;adh’ Ww;a; b
wll) = Sas =3 T ——8722 i (3.5)

— W —w;

(2

where the matrix S,3 does not depend on z. Letting w — oo in (2.16), one concludes that

Oty Sap = 0 for all m > 1, so the matrix S,z does not depend on any times. The components of
the vectors a; and b; are going to be spin variables of the Gibbons—Hermsen model.

We first consider the dynamics of poles with respect to the time to. The procedure is similar to

that in the rational case [19]. Following Krichever’s approach, we consider the linear problems (2.13),

ww;ab? ww;a’b’
0 Wap = 07 Vag — 87° Z )2 Yo —01, Wl = 020], — 877V, (w— wy)?’
i=1 v i=1 t

and substitute here the pole ansatz (3.3), (3.4) for the wave functions. Consider first the equation
for W. First of all, comparing the behavior of both sides as w — oo, we conclude that 9;,Cn5 = 0,
so Cyp does not depend on to (in a similar way, from the higher linear problems one can see that
Cqp does not depend on any times t,,). After the substitution, we see that the expression has poles
at w = w; up to the third order. Equating the coefficients of the poles of different orders at w = w;,
we get the following conditions:

o at (w — w;) 73,
bjai =1;
-2
e at (w—w;)~ 7,
1/2 1/2b” y
IL’C _szw wk akck _(z_,y)ci — 1/2b6

ki
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o at (w—w;)7L,

1/2 Oébl/al/cﬁ wg/ Wa bl/ I/ B
9 1/2a,8_2 /2, g2 wiw,”a K _ g2 kA
tz( a; z) TWw; + v gﬁ; (w; — wy)? g;z (w; — wk)2

where g’? =0/C,5 and &; = O, ;.
Similar calculations for the linear problem for U lead to the following conditions:

o at (w —w;) 73,

o at (w — w;) 72,

172 1/2 sapv, v
w;"“w, e biay -
*a_27§ : k Tk i _(Z+’7)C;‘ka wi/zazav
i Wp, — Wj

o at (w—w;)7,

) ( 1/2 *abﬁ) 9 1/2. *abﬁ +8 QZ w; w]i,/ Ck,a Vbe 8 22 w; 3/2 ’LUkC akbubﬁ
to yw; ZiC 8 B 9 - B 9

(Wi w) w7 (wi—wg)
where a% = C_la?.

The condltlons coming from the third-order poles are constraints on the vectors a; and b;. The
other conditions can be written in the matrix form

(2 — (L+~1))c? = —w1/2bP, (3.6)
¢? = MCB, .
(2l — (L —~I)) = a*Twl/2

c”=c ,

where ¢? = (c’f,...,cﬁ/)T, c = (1%, ..., %), bf = (gf,...,gﬁ/)T, and a% = (af,...,a},) are
N-dimensional vectors, I is the identity matrix, W = diag(w1, wa, ..., wxr), and L, M, and M are
N x N matrices of the form
1/2 1/2 v v
1 w; b’ a
Lik = 33 57,k - 2’7(1 - 57,k) ! ka (38)
w; — Wg

w0 2 ay

My = (v — Ai)d; 11— ; :
k= (vi )i + 877 ( k) (w; — wk)Q (3.9)
1/2 3/2 vov
- w; b’ a
M, = (vii + Ao — 873 (1 — 6i) ¢ k 3.1
Here
aét w;wad bl al wzwkb a”ba
A= 2 kYk™ _A* QA2 311
ag’ i kzyé:z ad(w; — wy)?’ 57 Z bg* (w; — (3:11)

do not depend on the index a. In fact one can see that A; = A}. Indeed, multiplying equations (3.11)
by a'b (no summation here!), summing over «, and summing the two equations, we get A; — A¥ =
O, (a f‘bf‘) = 0 by virtue of the constraint a{'b =
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Differentiating the first equation in (3.6) with respect to t9, we get, after some calculations, the
compatibility condition of equations (3.6):

(L + [L,M])c? = 0. (3.12)
Taking into account equations (3.11), which we write here in the form
agbia . by ay by
o= Al — 292 k , b = —A;b2 4 242 Ok k 3.13
7 Z smh2( (a:z — 1)) ‘ ! 7 kz#:l sinh?(y(z; — z1)) (3.13)

(in this form they are equations of motion for the spin degrees of freedom), one can see that the
off-diagonal entries of the matrix L + [L, M| are equal to zero. The vanishing of the diagonal entries
yields equations of motion for the poles x;:

= 32 SC;)E;((”YY N xk)))) b albla (3.14)

The gauge transformation af — af'q;, b — bf‘qi_ with ¢; = exp( f 2 A; dt) eliminates the terms
with A; in (3.13), so we can put A; = 0. This gives the equations of motion

aybia? by ay by
ad = —2+2 k "k , = 272 . 3.15
g Z sinh?(y(z; — 1)) Z sinh?(y(z; — x1)) (3.15)

Together with (3.14) they are equations of motion of the trigonometric Gibbons—Hermsen model.
Their Lax representation is given by the matrix equation L= [M, L]. It states that the time evo-
lution of the Lax matrix is an isospectral transformation. It follows that the quantities Hj = tr L*
are integrals of motion. In particular,

ﬁ/: o2y b ak tr L (3.16)
et N = 1r .
— Pi smh2

i1#£k xl - xk))

is the Hamiltonian of the Gibbons—Hermsen model. The equations of motion (3.15) and (3.14) are
equivalent to the Hamiltonian equations

) 0H, . 0H, -
xTr; =

, g s a; —
Op; bi Ox; ‘

OH, .w  OH;
b b =~ pa (3.17)

7

4. DYNAMICS OF POLES IN THE HIGHER TIMES

The main tool for the analysis of the dynamics in the higher times is the relation (2.16), which
after the substitution of (3.3)—(3.5) takes the form

1/2 1/2 vy
2yw;" " af 2w, by,
res [z (C’a,,—k E w— w; )(Cuﬁ + E - )]
abﬁ

—2’}’2 8tm w;a 22813,”332 i 2 i (41)

Both sides are rational functions of w with poles at w = w; that vanish at 1nﬁn1ty. Identifying the
coefficients in front of the second-order poles, we obtain

O, Ti = res(z w;te). (4.2)
Solving the linear equations (3.6) and (3.7), we get

4 1/27; v *1/ ~U 1/2 —
& == I~ (L+AD)w B, @ =3 @w (I — (L — D)), (4.3)
k k
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and, therefore, (4.2) reads

. 1 - 1 1/2
Oy i = — b, 5 ’
tmLi NS kz,;/ <Z WOk 2l — (L —~I) kiwl 2l — (L +~I) ik’wk

1

1
_ myrr1/2 1/2 -1p
roeostr<z W“RW zI—(L—WI)W ZzI—(L+7])>’

where E; is the diagonal matrix with entries (E;);r = d;;0;x and R is the N' x N matrix with
Ry = bYa¥ = bVal. (4.4)
The following commutation relation can be checked directly:
(L, W] = 2y(WY2RWY2 —W). (4.5)

Note that E; = —0L/0p;. The rest of the calculation is similar to that in [26]. Using (4.5), we have

1 1 oL 1
= tr( 2™ (LW — WL + 24W w!
O i = o TC5 r<z ( 2W) o o z[—(L—i—’yI))

1 [(OF 1 L 1
T2y Op; zI — (L+~I) Op; zI — (L —~I)

1 oL m OL m
= 27tr<8pi(L—|—71) —8pi(L—71) >

— 1 9 m+1 o m—+1\ _
= 2(m + 1)y Op; tr((L+’yI) (L —~I) ) =

aHm
Op;

)

where H,, is given by (1.1). Note that Ho = Ha + const. We have obtained one part of the
Hamiltonian equations for the higher time flows. In the case v — 0 (rational solutions) the result
of the paper [19] is reproduced.

In order to obtain another part of the Hamiltonian equations, let us differentiate (4.2) with
respect to to:

. m kv, . —1 v m( v, —1 v *v, —1 v
O, Ti = —2’yroeos(z ¢l iawi ) —1—1‘;8(2’ (Fw; O + Oy w; ' cY))

= res Y (2" (e w; Bucf - i wy ' Bud)),
k

where

3/2 1/2,, 4
S w, b a
Bjp=8y1—6y) » F ¥
ik Y ( ]k’) (wi _ wk)g

Therefore, using (4.3), we have

Oy i = 18t i; = —res| 2™ tr( W/2RW1/2 ! G !
mE g m 00 2l — (L —~I) 2I —(L+~I) )]’

where the matrix G is given by
1/2 1/244 4
, Sw, "W a
k
G(z):425_5 J k"3
jk Y ( i zk) (wz _wk)2
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It is straightforward to check the identities

| | , . L

A direct calculation which literally repeats the one in [26] shows that
Opupi = — ! res _zm tr (LW - WL+ 2’yW) 1 G 1
" 2y | 2l —(L—~I) " 2 —(L+~I)

1 [ . 1 . 1
_ m (e _aOw
2’)/roeos_z tr< G zI — (L +~I) ¢ zI—(L—*yI))}

_ 1 res -zm tr oL ! - !
2y > | Oxri \zl —(L+~I) =zI—(L—~I)
1 oL oL OHm
2y r<8m (LD 8mi( ) > Ox;
We have established the remaining part of the Hamiltonian equations for the higher time dynamics
of the z;’s.

5. DYNAMICS OF SPIN VARIABLES IN THE HIGHER TIMES

A comparison of the first-order poles in (4.1) gives the following relation:

o, (wiaf‘bf)
ITETE
= ro%S [zm (wil/20ayc*ub5 + w1/2 a u _|_ 272 Wy, abﬁcuczu + aﬁ%%c*”))] ‘
k#i Wi

Using (4.3), we can rewrite it in the form

Bl_g m o, —1/2, 1/2 1
b; [ O, 05 + res (z (Zasz wy (z[— (L—’YI)>M
—1/2 1/2 P 1 1
_ 1 1/21v
ny 3", i (zl— <L—vf>>h-<zf— <L+vf>>,m“’" b))]

k#i l,n

o 8 m By L2112 1
ai' | O, b; +rO%S<z (E bw <z[— (L+71)>ik
w22 o ) )
a’ 1 1/23v
' 2722 ZWZ <ZI - (L - ’YI)>U<; <ZI - (L+’YI)>inwn bn))]

k#i l,n

= 290, %; af‘b’f .

Separating the terms with k& = 4 in the sums over k£ in the first and third lines and taking into

account that

1 1
290, wi = restr | 2" E; N
70t i = TES [z (z[—(L—’vI) zf—<L+’Yf>>]

e aid), o))
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we represent this equation as follows:
b P —a?Q =0, (5.1)
where

PY = =0, a +res
[ee]

m o« —1/2 1/2 1
: (Zakwi Y <ZI—(L—71)>M

ki

1 oL 1
1/2 prisl/2 -1
—|—tr<W RW zI—(L—'yI)W obY zI—(L+7])>>]’

m 8 —1/2 1/2 1
(Sl (o),

QZ-B = 8tmbi6 +res
o0

1 OL 1
tr( W2 R/ w1 .
! 1‘( 2l — (L —91) gd? 2I — (L +~I)
Here we took into account that
12,12 o 1/2 1/2,4
8bia “ J w; —wg aaia i j w; — i .

It then follows from (5.1) that

= YL = A (5.2)

does not depend on the indices o and f.
Let us transform the expressions for P and QZB using the commutation relation (4.5), i.e.,
substituting

1
Wl2RW? = 2 (LW — WL +29W).

We have

P = -0y a + ! res|z™|( tr oL L — oL !
LT T gy O 21 — (L+~I)  9b 21 — (L —~I)

o, —1/2 1/2 1 oL 1 0L 1
+2’Y§i“’f“’i G (ﬁ—(L—ﬂ))MHr(abg W oo ) - w-yn )|

However,

oL _4 OL —1/2 1/2
0w W ! N W> = —270;;(1 — 6j1)w; " “w,/"ay,
<8bi ob; jk ’ ’ .

and so the second line vanishes. We are left with

OHp,
PY = -9, a% . 5.3
(2 t'm a’Z + abla ( )
A similar calculation for Q¢ yields
OHm,
* — 0, b¢ . 5.4
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Therefore, from (5.2) we have the equations of motion

OHm
ob

+AMag, 0,00 = - %HS - A
a

7

o
atmai -

The gauge transformation a — af*q (m) , by — bo‘( (m)) with qz-(m) = exp( S tm AZ(-m)dt) eliminates
the terms with AZ( ), and so we can put AZ(- m)

of motion for spin variables in the higher times:

Oy, " OMn
S (5.5)

= 0. In this way we obtain the Hamiltonian equations

oy af =
m 1 m 1 o
daj

with H,, given by (1.1).

6. TIME DISCRETIZATION OF THE TRIGONOMETRIC
GIBBONS-HERMSEN MODEL

Our strategy is to substitute the pole ansatz for the discrete time wave functions

Z\P w? (p)a (p)c?
v, = (1- u) e (Caﬁ +> o Zw(f)lji((ﬁ)) Z(p)>, (6.1)
P _ 2\~ 2yw, " (p)c;® ()b ()
wlr = (1- u> < 14 E v — wi(p) ) (6.2)

and wsg (see (3.5)) into the linear problems (2.17) and (2.18) and identify the coefficients in front of
the poles (w — w;(p)) ™2, (w — w;(p£ 1)), and (w — w;(p)) . (Note that the constant term S,z
in w((llg (p) cancels in the combination wsﬁ) (p+1)— wsﬁ) (p) because the shift p — p + 1 is equivalent
to a shift of times and S,5 does not depend on the times.) We begin with the linear problem (2.17)
for W. From the cancellation of different poles we have the following conditions:

o at (w—wi(p)~?,

)t () = 1
e at (w—w;(p+1))71,

wi?(p)w* ()b (p + 1)aX (p)c (p)

_ 12(0\p
(z = (p+1) =~y @)+ 1) = 29 3 wi(p + 1) — w;(p)

j
e at (w—wi(p)) ",
V2 ()t (0 () — 2 > wj(p + 1)af (p + )b} (p + 1)ay (p)c; (p)

oy — a® C@ w,;
( M 2'7) i (p) i (p) +w; 7 wz(p) wJ(p+ 1)

1/2 1/2 v Y(p)a? B
(p)wy’* (p)ag (p)bY (p)a¥ (p)c; b()z(p)C(p)_
*2”§ wilp) - wi(p) e %: o -l
Introduce the matrices
. wt? 1/2 v v
L) = 6, #m) o o) (p)w; " (p)b} (p)a’ (p) (6.3)

2 Wi (p) wj (p)
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(the same Lax matrix as in (3.8)) and

wi (p+ 1w ()b (p + 1)a (p)

My® =20 " 1) — wp) (64)
Then the above conditions can be written as
(z = (0 +1) = =0 (0 + DI 0+ 1) = 3- My (0)<] ),
a?(p) | ((z =78 — Lij(p) <} (p ) +w;?(p )gf(p)]
L Jj
) =0 g (6.5)

+cl(p) D a(p+ 1)(W2(p+ 1) M (p)W /2 (p))

L J

+ Za (W) Lp)W 1 2(p)) ;= (m +7)a?(p)] =0.

Jt

The first line in the second equation vanishes by virtue of (3.6). Therefore, we have the following
equations:

(z= e (p+1) = =W (p+ )b (p+ 1) — M(p)e’ (p), (6.6)
a*T(p+ W2 (p+ )M (p)W 2 (p) + T (p)W' 2 (p) L)W (p) = (n+7)a*" (p).  (6.7)
A similar solution of the linear problem (2.18) for ¥T gives the equations
(z—pe(p—1)=a"T(p— W' (p—1) —c**(p)M(p— 1), (6.8)
W2 (p)M(p — )W (p = 1) (p — 1) + W2 (p) Lp) W2 (p)b’ (p) = (1 — )b (). (6.9)

A simple calculation similar to that in [25] shows that the compatibility condition of equa-
tions (3.6) and (6.6) is the discrete Lax equation

L(p+1)M(p) = M(p)L(p), (6.10)

which holds true provided equations (6.7) and (6.9) are satisfied.

Equations (6.7) and (6.9) are equations of motion of the discrete time trigonometric Gibbons—
Hermsen model. Let us consider equation (6.7) and represent it in a somewhat more convenient
form. In order to do this, we write it in the form

wi(p)aj (p + )b (p + 1)a w;(p ak p)bi(p)ai (p)

D B ; ~ wi(p)

+2y Y af (o + D+ Vel () ~ 20 Y aR @B )a () — (-4 7af(p) — 7 af () = 0
k ki

and add it to the original equation, taking into account that

Y ap(p+Di(p+1) = Zak

k
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This follows from the fact that ", f‘b’? is an integral of motion, i.e., &, (3, f‘bzﬁ ) = 0 for all m.
Indeed, we have

a8 BOHm a@’Hm
N )

(2

and this is zero because H,y, is a linear combination of Hy = tr L* and

OL 8L OL; o OL
§ B m—1)\ _  « § § BYEk rm—1 _ Jk rm—1
- (bi tr<8b§”L > “ tr(a >> - (b by Ly - dal Lk >

ai i

1/2 1/2b5

w ; (Ik 1
= 2722(5116 - 52]) ]w] oy LZ,; =0.

i j#k

As a result, we obtain the equation

’choth (zr(p+1) — 2:(p))) afi(p + DB (p + Dat ()
=3 coth (y(zk(p) — (o)) a2 WP ) + ) a2 () + pad(p). (6.11)
A similar transformation of equation (6.9) leads to the equation
Vzk: coth(y(zi(p) — xr(p — 1))) b (p — 1B} (p)ai(p — 1)

«Tz;p) bs(p) + ubi(p). (6.12)

=7 _coth(y — 2x(p))) by (P)bY (p)a (p) +

We multiply the first equation by b$(p) and sum over «; then we multiply the second equation
by a(p), sum over «, and take into account the constraint bYay = 1. Subtracting the resulting
equations, we eliminate #;(p) and obtain the equations of motion (1.4):

D coth(y(zi(p) = ;(p + 1)¥; (p)a (o + DY (0 + e (p)
+ D coth (y(xi(p) = (0 = 1)8 (p)ag (0 = 1)1 (0 = 1] (p)
=2 coth(y(zi(p) — () (P)af (P)V; (P)af (p). (6.13)
J#i

These equations of motion generalize those for the rational Gibbons—Hermsen model obtained in [25].
They look like the Bethe ansatz equations for the quantum trigonometric Gaudin model “dressed”
by the spin variables. In the continuum limit the equations of motion (3.14) are reproduced.
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Appendix C

V.Prokofev, A Zabrodin "Elliptic solutions to the KP hierarchy and el-
liptic Calogero—-Moser model"

Journal of Physics A: Mathematical and Theoretical, 2021.

Contribution: I conducted all calculations independently. I suggested the main

idea of introduction of parameters k, A\ in Baker-Akhiezer functions, when they are
written as a sum of Lame functions (30), (31) and connected them with z through
system (33) by comparing Bloch multipliers. Another step was transition from
second equation of system (33) to equation (38) which was based on the known
fact, that parameters of spectral curve for Calogero-Moser system have zero Poisson
brackets.

The main difficulty of elliptic case was that systems (44), (47) are homogeneous
unlike their analogs in rational and trigonometric cases. Because of that it becomes
impossible to express right hand side of (52) through known variables since it can
be multiplied by any function. My idea was to use equation (38) which allows one
to fix this degree of freedom. It made it possible to determine Hamiltionians for the
higher times.

I also found rational and trigonometric limits and first five Hamiltonians.

CopyRight: According to the Copyright Agreement, the author of the article
can use the full journal version of the article in his thesis, provided that the source

is indicated.
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Abstract

We consider solutions of the Kadomtsev—Petviashvili hierarchy which are ellip-
tic functions of x = #;. It is known that their poles as functions of #, move
as particles of the elliptic Calogero—Moser model. We extend this correspon-
dence to the level of hierarchies and find the Hamiltonian H; of the elliptic
Calogero—Moser model which governs the dynamics of poles with respect to
the kth hierarchical time. The Hamiltonians H, are obtained as coefficients
of the expansion of the spectral curve near the marked point in which the
Baker—Akhiezer function has essential singularity.

Keywords: integrable systems, elliptic Calogero—Moser model, Kadomtsev
—Petviashvili hierarchy

1. Introduction

The investigation of dynamics of poles of singular solutions to nonlinear integrable equations
was initiated in the seminal paper [1], where it was shown that poles of elliptic and rational
solutions to the Korteweg—de Vries and Boussinesq equations move as particles of the inte-
grable many-body Calogero—Moser system [2—5] with some restrictions in the phase space.
As it was proved in [6, 7], this connection becomes most natural for the more general Kadomt-
sev—Petviashvili (KP) equation, in which case there are no restrictions in the phase space for
the Calogero—Moser dynamics of poles.

The KP equation is the first member of an infinite hierarchy of consistent integrable
equations with infinitely many independent variables (times) t = {#,,%,13,...} (the KP hier-
archy). In [8], Shiota has shown that the correspondence between rational solutions to the

*Author to whom correspondence should be addressed.

1751-8121/21/305202+20$33.00 © 2021 IOP Publishing Ltd  Printed in the UK 1
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KP equation and the Calogero—Moser system with rational potential can be extended to the
level of hierarchies: the evolution of poles with respect to the higher times #; of the KP hier-
archy was shown to be governed by the higher Hamiltonians H; = TrL* of the integrable
Calogero—Moser system, where L is the Lax matrix. Later this correspondence was generalized
to trigonometric solutions of the KP hierarchy (see [9, 10]).

A natural generalization of rational and trigonometric solutions are elliptic (double periodic
in the complex plane) solutions. Elliptic solutions to the KP equation

iy, = (4u,3 — 12uu, — ”W)x (1)

(where x = t;) were studied by Krichever in [11], where it was shown that poles x; of the
elliptic solutions

N
u= —Z plx — x;) + 2¢ 2)

i=1

as functions of #, move according to the equations of motion

Bi=4Y 00— x0) 3)
ki

of the Calogero—Moser system of particles with the elliptic interaction potential p(x; — x;) (p
is the Weierstrass g-function). Here dot means derivative with respect to the time #,. See also
the review [12]. The Calogero—Moser system is Hamiltonian with the Hamiltonian

H = Zplz — ZZp(x,- — Xj) (4)

i<j

and the Poisson brackets {x;, p,} = di. Note that x; = OH/Op; = 2p;. Itis known [13] that the
elliptic Calogero—Moser system is integrable, i.e., there are N independent integrals of motion
H; in involution.

The aim of this paper is to establish the precise correspondence between the flows of the
KP hierarchy parametrized by the times 7,, and the Hamiltonian flows of the hierarchy of the
elliptic Calogero—Moser systems. In short, the result is as follows. Let the function A\(z) be
determined from the equation of the Calogero—Moser spectral curve in the form

det (z+ (O = L) =0, ®)

where [ is the unity matrix, L() is the Lax matrix of the Calogero—Moser system depending
on the spectral parameter A and ((\) is the Weierstrass (-function. We show that the function
A(z) expanded as z — oo as

A@) = —Nz''+ 3 Huz " 6)

m>1

is the generating function for the Calogero—Moser Hamiltonians H,, corresponding to the flows
t,, of the KP hierarchy. We find first few Hamiltonians explicitly. In the rational and trigono-
metric limit it is possible to find them for any m in terms of traces of the Lax matrix and the
result coincides with what was previously known (see [8, 10]).

2
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2. The KP hierarchy

We begin with a short review of the KP hierarchy (see [14] for more details). The KP hierarchy
is an infinite set of evolution equations in the times t = {#, 15, #3, . . .} for functions of a variable
x. In the Lax formulation of the hierarchy, the main object is the pseudo-differential operator

L=0,+Y wd* (7)
k>1

where the coefficient functions u; are functions of x and t. The equations of the KP hierarchy
are encoded in the Lax equations

atmﬁ = [Ama E]a ~Am = (ﬁm)+’ (8)

where (...)4 means taking the purely differential part of a pseudo-differential operator. In
particular, we have 0, L = 0.L, i.e., O, ux = Oxui for all k > 1. This means that the evolution
in ¢ is simply a shift of x: u(x, t) = up(x + 11,12, 13, . . ).

An equivalent formulation of the KP hierarchy is through the zero curvature
(Zakharov—Shabat) equations

at,,-/4m - athn + [Ama An] =0. (9)

The simplest nontrivial equation, i.e., (1) is obtained for u = u; withm =2, n = 3.

A common solution to the KP hierarchy is provided by the tau-function 7 = 7(x, t). The
coefficient functions u; of the Lax operator can be expressed through the tau-function. For
example,

up(x,t) = u(x,t) = 9% log 7(x,t). (10)

The whole hierarchy is encoded in the bilinear relation [14, 15]
f LD (e POy, 4))(ePOr (', t))dz = 0 (11)

valid for all x, X/, t,t', where

£t = nd

k>1

and D(z) is the differential operator

—k
DE) =Y =0, (12)

k>1

The integration contour is a big circle around infinity separating the singularities coming from
the exponential factor from those coming from the tau-functions.

Let us point out an important corollary of the bilinear relation. Applying the operator
D'(p) = =>4 179y, to (11) and putting x = ', t =t after that, we obtain

St e Iz Dt POz = 0

k=17 00
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or

1 Z

— ¢ ———(e PP 1)dz = D'(w)d,7 T — D' ()70,
2mi J oo plz — )
Taking the residues in the left-hand side, we get the equation

(eD(")T)(e_D(“’)T) B

5 1 —D'(u)d, log 7. (13)

T

The zero curvature equation (9) are compatibility conditions of the auxiliary linear problems

Ot = At (14)

for the wave function ¢) = 1(x, t, z) depending on the spectral parameter z. In particular, at
k = 2 we have the equation

O = 021 + 2urh. (15)
One can also introduce the adjoint wave function " satisfying the adjoint equation (14):
—0, 0" = A", (16)

where the f-operation is defined as (f(x) o ") = (=0,)" o f(x). In [14, 15] it is shown that
the wave functions can be expressed through the tau-function in the following way:

Pt 2) = e e OTE Y .
o T(x,t)
Ptz = e €T -
- TRy
Note that in terms of the wave functions the equation (13) can be written in the form
01,0 log T(x,8) = res ("(x, 0" (x,1,2)) (19)

where res is defined as res(z™") = d,1.
o0 (o]

3. Elliptic solutions

The ansatz for the tau-function of elliptic (double-periodic in the complex plane) solutions to
the KP hierarchy is

N
7= 2O ] ox — xict)), 20)

i=1
where
O(x,t) = c(x + 1)* + (x + t)A(t2, 13, .. ) + Blta, 13, . . .)

with a constant ¢, a linear function

Atr, t3,...) :A0+Zajtj (21

jz2
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and some function B(#,, 3, ...). The coefficients ¢, a; here are not arbitrary but are deter-
mined by algebro-geometric data of the spectral curve, and, in particular, by the choice of
the local parameter around the marked point of the curve. The function o in equation (20) is
the Weierstrass o-function

X x a2
o(x) = o(x|w,w') = xH (1 - —) e’ a7,
S
s7#0

s = 2wm + 2w'm’  withinteger m, m’'
with quasi-periods 2w, 2w’ such that Im(w’/w) > 0. It is connected with the Weierstrass

¢- and p-functions by the formulas ((x) = o’(x)/o(x), p(x) = —('(x) = —? log o(x). The
monodromy properties of the function o(x) are

o(x +2w) = = Ho(x),  o(x +20) = =2 o(x), (22)

where the constants 77 = ((w), ' = ((w’) are related by nw’ — n'w = mi/2. The roots x; are
assumed to be all distinct. Correspondingly, the function u = 9> log 7 is an elliptic function
with double poles at the points x;:

N
w=—Y p(x—x)+2c. (23)
i=1
The poles depend on the times #;, f5, 13, . . . . The dependence on ¢, is especially simple: since
the solution must depend on x + ¢;, we have 0, x; = —1.

Let A() be the difference operator
Ap) = e e P 2, (24)
Substituting the ansatz (20) into equation (13), we get:

o(x — ePWxo(x — e PWy))

o2 (x — x;)

Santan )A(M)AH

=14 2cp 7 = D'(A = Y D' (xip(x — xp),
k

where
G = ZCM_Z + u_l(eD(“’) —e Pina 4 A(u)B.

The right-hand side is an elliptic function of x with periods 2w, 2w’. Therefore, for the left-
hand side be also an elliptic function of x with the same periods the following relations have
to be satisfied:

exp (—ZUA(M)Zxk + 2wA(u)A> =1
k

exp (—ZU’A(M)Zxk + 2w’A(u)A> =1
k

5
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from which it follows that

A(wA = 2n'n — 2n1, A(,u)Zxk =2n'w — 2nw’  withinteger n,n’.
k

The right hand sides do not depend on . Expanding the equalities in powers of 1, one sees
that the left hand sides are 0(,u’2) as p — oo, therefore, n = n = 0 and we have

AWA=0, AW x =0. (25)
k

The first equation is satisfied if A is a linear function of times as in (21). The second equation
means that

(1= Py x = —(1 =) xi. (26)

Note that the functions (17) and (18) with 7 as in (20) are double-Bloch functions, i.e., they
satisfy the monodromy properties ¢ (x + 2w) = B (x), ¥ (x + 2w") = B'1)(x) with some Bloch
multipliers B, B'. Any non-trivial double-Bloch function (i.e. not an exponential function) must
have poles in x in the fundamental domain. The Bloch multipliers of the function (17) are

B — e@—a@)-20@)e PO~ x;

27)
B = %/ @a@=20w)ePO-D5, x|

where

a@) =2cc "+ Y U (28)
=2

and the coefficients a; are those entering (21). Equation (26) means that the Bloch multipliers
of the adjoint wave function )* are B! and B'~'.
Let us introduce the elementary double-Bloch function ®(x, \) defined as

o(x+ A) RN

*EN = TN

(29)

(C(N) is the Weierstrass (-function). The monodromy properties of the function ® are

P(x + 2w, \) = XD P(x, \),

B(x 4+ 20, \) = 2C@N—CIN Py, )),

so it is indeed a double-Bloch function. The function ® has a simple pole at x = 0 with
residue 1:

1
<I>(x,>\)=;+aw+a2x2+-~-, x — 0,

where o) = — % PN, ap = — % ©'(N\). We will often suppress the second argument of ® writing
simply ®(x) = ®(x, ). We will also need the x-derivative ®'(x, \) = 9, ®(x, \).

6
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Equations (17), (18) and (20) imply that the wave functions v, 1)* have simple poles at the
points x;. One can expand the wave functions using the elementary double-Bloch functions as
follows:

Y = W DHOIN T B — xy, N) (30)

P = e W NEITDN P P — xi, = \) 31

(this is similar to expansion of a rational function in a linear combination of simple fractions).
Here c;, ¢} are expansion coefficients which do not depend on x and k is an additional spectral
parameter. Note that the normalization of the functions (17) and (18) implies that ¢; and ¢} are
O(\) as A — 0. One can see that (30) is a double-Bloch function with Bloch multipliers

B — e2w(k*C()\))+2C(w))\’ B = e2w’(k*C()\))+2C(w/))\ (32)
and (31) has Bloch multipliers B~! and B'~'. These Bloch multipliers should coincide with

27).
Therefore, comparing (27) with (32), we get

2wk = ((N) — 2+ 2)) + 2((w) </\ +(eP® — 1)Zx,-> = 2min,

2w'(k — C(N\) — 7+ a(2)) + 2¢ (W) (A + (e7P — 1)Zx,-> = 27in’

with some integer n, n’. Regarding these equations as a linear system, we obtain the solution

k—z+ a(z) — (V) = 2n/¢(w) — 2n((W),
A+ (e P9~ I)Zx,- =2nw' —2n'w.

Shifting A by a suitable vector of the lattice spanned by 2w, 2w’, one gets zeros in the right
hand sides of these equalities, so we can write

k= Z— OZ(Z) + C(A)’
N (33)

These two equations for three variables k, z, A determine the spectral curve. Below we will
obtain another description of the spectral curve as the spectral curve of the Calogero—Moser
system (given by the characteristic polynomial of the Lax matrix L(\) for the Calogero—Moser
system). It appears in the form R(k, \) = 0, where R(k, \) is a polynomial in k whose coeffi-
cients are elliptic functions of A (see below in section 5). These coefficients are integrals of
motion in involution. The spectral curve in the form R(k, \) = 0 appears if one excludes z from
the equation (33). Equivalently, one can represent the spectral curve as a relation connecting
two variables z and \:

R(z — al(z) + C(N), A) = 0. (34)
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Let us write the second equation in (33) as the expansion in powers of z:

A= —Zz—mizmx, X = in, (35)

m>=1

where izk are differential operators of the form

. 1
hy = ——0,, + higherorderoperatorsin 0;,,0,,...,0,, - (36)
m

For example, the first few are

R . 1 . 1

hy = _atla hy = 5(8;21 - 812), hy = 6(_8,31 + 3atlat2 - 2813)~
AsAis explained above, the coefficients in the expansion (35) are integrals of motion, i.e.,
8,}.th = 0 for all j,m. It then follows from the equation 0, x; = —1 and from the explicit
form of the operators h,, that Bth,ZX =0and 8,}. 0,X = 0. A simple inductive argument then

shows that Btjﬁ,mX = 0 for all j, m. This means that —h, X = #Bth and X is a linear function
of the times:

X=) xi=Xo—Nti+ > Vuln (37)

m>=2

with some constants V,, (velocities of the ‘center of masses’ of the points x; multiplied by N).
Therefore, the second equation in (33) can be written as

A= D(z)in =Nz '+ ZZT__jVj- (38)

22

In what follows we will show that H,, = — . ) Vint1 are Hamiltonians for the dynamics of the
poles in t,,, with H, being the standard Calogero—Moser Hamiltonian.

4. Dynamics of poles with respect to i,

The coefficient u in the linear problem (15)
Oth — 03 — 2up = 0 (39)

is an elliptic function of x of the form (23). Therefore, one can find solutions which are double-
Bloch functions of the form (30).

The next procedure is standard after the work [11]. We substitute # in the form (23) and v
in the form (30) into the left-hand side of (39) and cancel the poles at the points x = x;. The
highest poles are of third order but it is easy to see that they cancel identically. It is a matter of
direct calculation to see that the conditions of cancellation of second and first order poles have
the form

ciki = —2ke; = 2) e ®(x; — x)), (40)
J#i
¢ = (K= +4c —2a)c; — ZchCI)’(xi —Xxj)— 2C,'Zp(xi — X)), 41)
J#i i
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where dot means the #,-derivative. Introducing N x N matrices

sk — (1= 5,00 — x)), 42)

L,‘j = 5

Mij = 6ij(k =27 + p(\) + 4c) — 20;;> (i — xi) = 2(1 = ;@' (x; — x),  (43)
ki

we can write the above conditions as a system of linear equations for the vector ¢ =
(cry..ien)™
L(\)e = ke
(44)
¢ =M(\ec.

Differentiating the first equation in (44) with respect to #,, we arrive at the compatibility
condition of the linear problems (44):

(L+[L,M])e=0. (45)

The Lax equation L + [L,M] = 0 is equivalent to the equations of motion of the elliptic
Calogero—Moser system (see [12] for the detailed calculation). Our matrix M differs from
the standard one by the term J; j(k2 — z%) but it does not affect the compatibility condition. It
follows from the Lax representation that the time evolution is an isospectral transformation of
the Lax matrix L, so all traces Tr L™ and the characteristic polynomial det (L — kI), where /
is the unity matrix, are integrals of motion. Note that the Lax matrix is written in terms of the
momenta p; as follows:

Lij = —0ijpi — (1 — 0;)®(x; — x;). (46)
A similar calculation shows that the adjoint linear problem for the function (31) leads to the
equations
¢TLON) = ke'T
(47)
é*T _ —C*TM()\)

with the compatibility condition ¢*T (L + [L, M]) = 0.

5. The spectral curve

The first of the equation (44) determines a connection between the spectral parameters k, A
which is the equation of the spectral curve:

R(k, \) = det (kI — L(\)) = 0. (48)

As it was already mentioned, the spectral curve is an integral of motion. The matrix L = L()\),
which has an essential singularity at A = 0, can be represented in the form L = VLV ™!, where
matrix elements of L do not have essential singularities and V is the diagonal matrix V; =
8ije i, Therefore,

N
R(k, X)) = Ru(MK",

m=0
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where the coefficients R, (\) are elliptic functions of A with poles at A = 0. The functions
R,,(\) can be represented as linear combinations of the p-function and its derivatives. Coef-
ficients of this expansion are integrals of motion. Fixing values of these integrals, we obtain
via the equation R(k, \) = 0 an algebraic curve I" which is an N-sheet covering of the initial
elliptic curve £ realized as a factor of the complex plane with respect to the lattice generated
by 2w, 2w

Example (N = 2):

det (kI — L(\)) = I+ k(p1 + p2) + pip2 + 9(x1 — x2) — p(N).
Example (N = 3):
det (kI — L(\)) = I+ K (p1 + p2 + p3)
+k(p1p2 + pips + pap3 + p(x12) + (x13) + 9(x23) — 3(N))

+p1p2p3 + Pre(x23) + p2p(x13) + p3p(xi2) — pN(P1 + p2 + p3) — ©'(N),

where x;; = x; — xx.
In a neighborhood of A = 0 the matrix L can be written as

L=-\YE-D+ o),

where E is the rank 1 matrix with matrix elements E;; = 1 for all i, j = 1, ..., N. The matrix
E has eigenvalue 0 with multiplicity N — 1 and another eigenvalue equal to N. Therefore, we
can write R(k, \) in the form

R(k, \) = det (kI + \™"(E — 1) 4+ O(1))

N-1

= (k+ W=DX" = fxW) [T e = A" = Fi0), (49)

i=1

where f; are regular functions of A at A\ = 0: f;(\) = O(1) as A\ — 0. This means that the func-
tion k has simple poles on all sheets at the points P; (j = 1,. .., N) of the curve I" located above
A = 0. Its expansion in the local parameter A on the sheets near these points is given by the
multipliers in the right-hand side of (49):

k=X"+f(\) nearP, j=1,...,N—1,
(50)
k=—N—-DX"'4 fy()\) near Py.

The Nth sheet is distinguished, as it can be seen from (50). As in [11], we call it the upper
sheet. Note that equations (33) and (38) imply

N-—-1
k()\)z—T—FO(l) as A — 0,

so the expansion (38) is the expansion of A(z) on the upper sheet of the spectral curve in a
neighborhood of the point Py.

10
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6. Dynamics in higher times

Our basic tool is equation (19). Substituting 7(x, t) in the form (20) and 1), ¢)* in the form (30)
and (31) in it, we have:

> O xipx — xi) + Clta, 13, ...) = res (Zmzcic;f@(x — X, N®(x — x;, —A)) . (5D

i
Equating the coefficients in front of the second order poles at x = x;, we obtain

O xi =res (2"cic;) = res ("¢ TEie) (52)

where E; is the diagonal matrix with 1 at the place ii and zeros otherwise. At m = 1 this reads
res (z¢'TE,c) = —1 or
o0

es (z¢*Te) = —N.
res (z¢"c)
Summing the equation (52) over i, we get
res ("¢ Te) =9, Zx,-.
1
It then follows from these equations that

©Te)=—N/Z+> "9, xi=-N@. (53)

The absence of terms with non-negative powers of z in the right-hand side (which would not
change the residue) follows from the above mentioned fact that ¢ and ¢* are O(\) = O(z"!) as
z — o0. The last equality in (53) follows from (38). Equation (53) is an important non-trivial
relation which will allow us to identify the Hamiltonians for the higher flows 7,,.

Now let us note that according to (46) E; = —0), L. Therefore, we can continue the chain of
equalities (52) as follows:

O, xi = res (2"¢"Eic) = —Tes ("0 Le)
= —Opres (2"¢TLe) + res (2"9,¢"TLe) + res (2"¢* Lo, ¢)
— _al’irfos (2"¢"Le) + res (2"9,,¢Tke) + res (2"¢"TkD),¢)
= —0Opres ("¢ Le) + Opres ("¢ Tke) —res ("0, ke ¢)
= —Opres ("¢ (L — kI)c) — res (20 ke Te)

= res (2" N(2)0,,k)
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(the last equality follows from (44) and (53)). Here 0,k = 0,,k(\, T)]| \—const.» Where Lis the full
set of integrals of motion. From (33) we see that

8p,k =(- OZI(Z))apiZ(A, I)|)\:const.' (54)

We consider z as an independent variable, so we can write

dz
0= =0 2 4+ 0\z 0 A
dpi ! A=const I=const. !
or
129N
0,z =—-2.
Ilz >\,(Z)

Therefore, we have the first set of the Hamiltonian equations
Opxi = —res ("(1 — &/ ()0 \) = Op,Hom, (55)

where the Hamiltonian #,,, is

1— n—j—1

m—1
My = HYY +2cH , + " a;H) (56)
j=2

(see (28)). It is the linear combination of the Hamiltonians
H'Y = —res (" \(2)) (57)

with constant coefficients. The latter implicitly depend on a(z) through the parametrization of
the spectral curve (34).

In their turn, the Hamiltonians H'® are linear combinations of the basic Hamiltonians H,,
defined at a(z) = 0 by

Hyy = —res (2" Xo(2)) , (58)
where \o(z) is defined through the equation of the spectral curve

R(z + (M), Ao) = det((z + C(Ao) — L(Ao)) = 0. (59)
Then

1

A@ = Aoz — @) = Xo(2) = 2@N(@) + 507 @N@ + - -
and so we see that the Hamiltonians (57) are indeed linear combinations of the H,,’s with
constant coefficients.

The remaining set of Hamiltonian equations can be obtained by differentiating (52) with

respect to f, and using (44) and (47):

20,,pi = Oy, %i = res ("¢ Eie) + res ("¢ E;¢)

= res (Z"¢"[E;, M]c)

12
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.Now, it is a matter of direct verification to see that

[E;, M] = 20,,L. (60)
Therefore, we can write

Oy, Pi = res ("¢ "o, Le) .
Repeating the transformations presented above in detail, we have:

Oy, P = TeS ("¢ Tedy k) = —res (2" N (2)0y,k)

The same argument as above shows that

Ok = (1 = &/ (2))0x, 2N D\ _onse. D)
and
O\
Oz = — i
IZ )\,(Z)

Therefore, we obtain the second set of Hamiltonian equations for the dynamics of poles:
O pi = 1es (2"(1 — &/ (@) A) = =0, Hum- (62)

Let us find H,, explicitly in terms of H,, for the case when a; = 0, ¢ # 0. In this case
a(z) = 2¢z ! and we have

M@ = @) = Y (20" (”*i_ 1) Hjaz 772, (63)

=1

H,, = H® + 2cH", and from (63) we see that

[m/2] .
« i(m—J
H,(n):Hm+§ (2c)f< i )Hm_zj.

j=1

Therefore,

[m/2] R .
[/ m— —j+1
Mo =Ho+ > 20) K’"] ’) + (’”jﬂ )] Hy ;. (64)
=1

In particular, H3 = Hz + 6¢H; which agrees with the result of the paper [12].
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7. Calculation of the Hamiltonians

In order to find the Hamiltonians explicitly, we use the description of the spectral curve given
in the paper [16]:

N
> LTy k) =0, (65)
j=0

where 7 ;(k|\) are polynomials in k of degree N such that
KT (k|N) = nT,—1(k|X) (66)

and /; are integrals of motion. The first few are
Iy=1,

I = Zpi,

i

L= (5pipj+ 5 9(xi))) » o
L=Y (4ippipc + % pio(xi)) -

L=y (%Pipjpkpl + s PP () + ﬁ@(xij)@(xkz)) ,

=% (S'—Ipipjpkpzpr + s PiPiPr9On) + ﬁfpr@(xij)@(xkl)) :

where Y_" means summation over distinct indices. Recalling the equation of the spectral curve
in terms of z and A, let us also introduce S, (z|\) = T,(z + ((N)|N), then

0:84(z|1N) = nS,_1(2|N). (68)
For example,
Ts(k|A) = & = 100K — 100/ (VK> — 5(6"(N) — 30" (A\)Dk — 26/ (N)p(N).
‘We have

g\
22.3.5

_1_ =
) = 3 + 0(z7),

where

1
& = 6OZS—4, s =2mw~+2m'e’, mm € Z.
s7#0

Expanding S5(z|\) in z using the above formula for T's, we get:

574 g (1 10 1 .
SszIN) =22 + == — = [ =+ 524520+ =2+ =2\ ) + 0@z h).
5(z|\) z+)\ 5 )\+ 7+ 5z +3z +6z +0(iz )
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Note that if we introduce the gradation such that degz = 1, deg A = —1, then degg, = 4,
deg S, = n. Note also that in the rational limit g, = 0 and the equation of the spectral curve
becomes linear in A~! (see below in the next section). This can be only in the case if S, (z|\) =
7" — nz" "\~ ! in the rational limit (the coefficient is found from the condition (68)).

In the non-degenerate case we have

n—1

Su(elN) = ' = == + 220" (69)
or
nz"”! 4 -5 -6
Suz]d) =" — 3 + AT+ gBu 12+ 0(Z7), (70)
where A, and B, are some constant coefficients. (/; comes from the expansion A = —Nz71 —

%Z72 + O(z3).) Therefore, we can write

NZNfl
Sw(z|h) =2 — + g2(AN T+ BNV + 00,
_ N—-2
UTCPVES AR & i)z + @Ay 12V + 00, (71)
_ N
Sn—j(z]\) =N — % + 0%, j=2,3,4,5.

and the equation of the spectral curve (65) acquires the form

5
DD 1T+ AT+ (A + BN + 020

i=1

5
— _i (Nz’v—l + Z(N - i)IizN_i> .

i=1

Expressing A as a function of z from here, we have:

Hy = -1,
Hy = I} — 2,
Hy = —I + 311, — 31, (72)

Hy = I} — 41, + 215 + 41,15 — 41, + const.,

Hs = —F + 51, — 5B 13 + 5L1Is — 5L13 + 51104 — 515 + g2K1,

where K = (N + 1)Ay — N(Anx—1 + By), or, explicitly,
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Hy = —ZP:',
H, = Zplz - Z@(Xij),

i#j
H; = —pr + 32171‘@(?61‘1‘)’
i i
H, = pr - ZZpin@(Xij) - 4217:'2@()@'1) (73)
i i#j i#]
+ Z@z(xij) + 237 p(xip(x ) + const.,
%]
Hs == "pl +5Y (0 + pip)e(xi) = 5) _pig*(xij)
i i#j i#]

= 5% pip(ripp(xi) — 537 pip(xipp(x ) + const. - Y- pi.

These are indeed the Hamiltonians of the elliptic Calogero—Moser model. It is easy to see that
they satisfy the property

1
H,  =—— 0, H,,. 74
! mz - (74)
Indeed, we have

Z—m
Az) = —Nz ! * V,=—-Nz! -m-lg
(2) 7+ Z p 7+ Zz

m=2 m=1

SO
Vi =04, > Xi =Y OpHpy=—mH, 1.

One can see that the higher Hamiltonians will consist from the principal part and other terms
as follows:

Hy=(=1"> Cil,+g Y Bil,+--, (75)

|ul=n |v|=n—4

where the first sum is taken over Young diagrams pof n = || boxes, I, = I,,,1,,, . . . I(;,), where
£(p) is the number of non-empty rows of the diagram x and C, is the matrix of the transition
from the basis of elementary symmetric polynomials to the basis of power sums.

8. Rational and trigonometric limits

In the rational limit wy,w, — 00, o(\) = A, D(x, A) = (x ' + A" )e*/* and the equation of
the spectral curve becomes

det (Liy — (E—DX' =+ A" D) =0, (76)
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where

Xi — Xj

(La)ij = —0ijpi — 77

is the Lax matrix of the rational Calogero—Moser model. Rewriting the equation of the spectral
curve in the form

)\—1
det|( I —E =0
( Lo — ZI)

and using the property det (I + Y) = 1 + TrY for any matrix Y of rank 1, we get

1
A=—tr(E =—» 7" 'Ly, (78)
( ZI _ L[a[) ; rat
where we use the well known property tr(EL;,) = tr(L7,,). So the Hamiltonians are H,, = tr L},

which agrees with Shiota’s result [8].

The trigonometric limit is more tricky. Let i/~ be period of the trigonometric (or hyper-
bolic) functions (the second period tends to infinity). The Weierstrass functions in this limit
become

1
o(x) =" e 87 sinh(yx), ¢(x) = v coth(yx) — gyzx,

The tau-function for trigonometric solutions is

N
7,0 =[] (e =), (79)
i=1
so we should consider
N 1.2 2
T(x, t) = H o(x — x;)es G=xi* 7y (etxi) (80)

i=1
With this choice, equation (33) acquires the form k = z + ((\) + %VZA or

k = z+ 7y coth(y ). (81)
The trigonometric limit of the function ®(x, \) is

®(x, \) = v (coth(yx) + coth(yA)) e ¥ CPOY,

Therefore, the equation of the spectral curve can be written in the form

det (WI/ZLW’I/Z 4 7(1 = coth(A)E —T) — (z+~ Coth(7>\))1) —0, (82)

where W = diag(w;, wo, . .., wy) and
1/2 1/2
(1 —6ij)y i i
Li':—éi'i—,—:—éi'i—2 1—(5,"% 83
! iP sinh(y(x; — x;)) iP g ? w; — W (83)

is the Lax matrix of the trigonometric Calogero—Moser model. Here and below we use the
notation w; = e*7%.
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After the transformations similar to the rational case equation (82) can be brought to the
form

1
(1 — coth(y\)tr [W‘I/ZEW'/Z} =1

2 —(L—~I)
or
Ao - log {1 —2ytr (W"/ZEW'/Z;)} ) (84)
2 z—(L—~I)

Applying the formula det(/ +Y) =1+ trY for any matrix Y of rank 1 in the opposite
direction, we have

1
A= logdet [I —2yW 2EW'/? —— — | 85
27 o8 e{ 7 z — (L —~I) (83)
Now we are going to use the identity
(L, W] = 2v(W'2EW'/? — W) (86)

which can be easily checked. With the help of this identity, we can transform (85) as follows:

1 . L
d—L—~l) zZ—(L—~l)

29\ = log det (1 —wlLw

_L)
2 — (L—~I)

_ _ 2~ 2 — (L—~I)
_logdet{(l ZI—(L—71)> d— L+
x (I—W‘ILW ! n L __ 2 )}
d—(L—~D) d—L=) d—T=D

= log det K[ g 70) ([ W LW g D)
- )]
z — (L+~I)

= log det {(1 d—(L— ’YI)) 2l — (L+~I)

(zl — (L+~D)
—W'LW +1L) ]

2 — (L+ D)

= log det ———.
g 2l — (L —~I)

Therefore, we get
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A= % tr (log(I — z (L + 1)) — log(I — 2 '(L — ~I)))

1 " m m
=-3 Uy (LA D" = (L =AD" (87)

m>=1

and

- - m+1 _ m—1
H, = o T tr (L +~I) (L—~D" ") (88)

which agrees with the result of paper [10].
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ELLIPTIC SOLUTIONS OF THE TODA LATTICE HIERARCHY
AND THE ELLIPTIC RUIJSENAARS-SCHNEIDER MODEL
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“zeroth” time

We consider solutions of the 2D Toda lattice hierarchy that are elliptic functions of the
to = x. It is known that their poles as functions of t1 move as particles of the elliptic Ruijsenaars—
Schneider model. The goal of this paper is to extend this correspondence to the level of hierarchies.
We show that the Hamiltonians that govern the dynamics of poles with respect to the mth hierarchical
times t,, and t,, of the 2D Toda lattice hierarchy are obtained from the expansion of the spectral curve

for the Lax matrix of the Ruijsenaars—Schneider model at the marked points.
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1. Introduction

1.1. Motivation and result. The 2D Toda lattice (2DTL) hierarchy [1] is an infinite set of compat-
ible nonlinear differential-difference equations involving infinitely many time variables t = {t1,o,t3,...}
(“positive” times), t = {t1,%2,%3,...} (“negative” times), in which the equations are differential, and the
“zeroth” time ty = z, in which the equations are difference. Among all solutions of these equations, of
special interest are solutions that have a finite number of poles in the variable x in a fundamental domain
of the complex plane. In particular, one can consider solutions that are elliptic (double-periodic in the
complex plane) functions of x with poles depending on the times.

The investigation of the dynamics of poles of singular solutions of nonlinear integrable equations was
initiated in the seminal paper [2], where elliptic and rational solutions of the Korteweg—de Vries and
Boussinesq equations were studied. It was shown that the poles move as particles of the integrable Calogero—
Moser many-body system [3]—[6] with some restrictions in the phase space. As was proved in [7], [8], this
connection becomes most natural for the more general Kadomtsev—Petviashvili (KP) equation, in which
case there are no restrictions in the phase space for the Calogero—-Moser dynamics of poles. The method
suggested by Krichever [9] for elliptic solutions of the KP equation consists in substituting the solution
not in the KP equation itself but in the auxiliary linear problem for it (this implies a suitable pole ansatz
for the wave function). This method allows obtaining the equations of motion together with their Lax
representation.
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Later, Shiota showed [10] that the correspondence between rational solutions of the KP equation and
the Calogero-Moser system with a rational potential can be extended to the level of hierarchies. The
evolution of poles with respect to the higher times t; of the KP hierarchy was shown to be governed by the
higher Hamiltonians Hj, = tr L* of the integrable Calogero-Moser system, where L is the Lax matrix. More
recently, this correspondence was generalized to trigonometric and elliptic solutions of the KP hierarchy
(see [11], [12] for the trigonometric solutions and [13] for the elliptic solutions).

The dynamics of poles of elliptic solutions of the 2DTL and modified KP (mKP) equations was studied
in [14] (also see [15]). It was proved that the poles move as particles of the integrable Ruijsenaars—Schneider
many-body system [16], [17], which is a relativistic generalization of the Calogero-Moser system. The
extension to the level of hierarchies for rational solutions of the mKP equation was achieved in [18] (also
see [19]): again, the evolution of poles with respect to the higher times t;, of the mKP hierarchy is governed
by the higher Hamiltonians tr L* of the Ruijsenaars—Schneider system. Recently, this result was generalized
to trigonometric solutions [20]. However, the corresponding result for more general elliptic solutions was
missing in the literature.

In this paper, we study the correspondence of the 2DTL hierarchy and the Ruijsenaars—Schneider
hierarchy for elliptic solutions of the former. Our method consists in solving the auxiliary linear problems
for the wave function and its adjoint using a suitable pole ansatz. The tau function of the 2DTL hierarchy
for elliptic solutions has the form

N
7(z,t,t) = exp (— Z ktktk> Ha(x —x;(t,t)), (1.1)

k>1

where o(x) is the Weierstrass o-function with quasiperiods 2w, 2w’ such that Im(w’/w) > 0 (the definition
is given in Sec. 3 below). The zeros z; of the tau function are poles of the solution. They are assumed to
be all distinct.

We show that the dynamics of poles in the times t, t is Hamiltonian; we then identify the corresponding
Hamiltonians, which turn out to be higher Hamiltonians of the elliptic Ruijsenaars—Schneider system. The
generating function of the Hamiltonians is A(z), where the spectral parameters A and z are connected by
the equation of the spectral curve

A
Jgggv(zen<< )T — L(\)) =0, (1.2)

where ((A) is the Weierstrass ¢ function, I is the unity matrix, and L(\) is the Lax matrix. Any point of
the spectral curve is P = (z, ), where z, A are connected by Eq. (1.2). There are to distinguished points on
the spectral curve: Py = (00,0) and Py = (0, Nn). The Hamiltonians corresponding to the positive-time
flows t are the coefficients of the expansion of the function A(z) in negative powers of z around the point Py,
while the Hamiltonians corresponding to the negative-time flows t are coefficients of the expansion of the
function A(z) in positive powers of z around the point Py. This is the main result of this paper.

1.2. Elliptic Ruijsenaars—Schneider model. Here, we collect the main facts on the elliptic
Ruijsenaars—Schneider system following [17].

The N-particle elliptic Ruijsenaars—Schneider system is a completely integrable model. It can be
regarded as a relativistic extension of the Calogero—Moser system. The dynamical variables are the coor-
dinates x; and momenta p; with canonical Poisson brackets {z;,p;} = ¢;;. The integrals of motion in
involution have the form

L= Y exp(zpi) 11 "fz;fjxj)m, E=1,...N, (1.3)

IC{1,0. N}, |1]=k iel 7 el j¢l
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where 7 is a parameter (the inverse speed of light). In particular,

=D " H x: fj; 77)7 In = exp<§:pi). (1.4)

% Jj#i i=1

Comparing to [17], our formulas differ by the canonical transformation

o 1/2
ePi — el 1_[(0(30Z it 77)) ) T, — Ty,
o

iy (zi — x5 —n)

which allows eliminating square roots in [17]. The Hamiltonian of the model is Hy = I.
The velocities of the particles are

H P — X
P 1261%1‘[”(” i+ m), (1.5)
Opi ki U(CCi—xj)
The Hamiltonian equations p, = —9H1/0x; are equivalent to the equations of motion
— Y (Gl — a4 m) + (i — ap — 1) — 20 (w — ap)) =
k#i
= Z a:lxk (@i — k) (1.6)
= e = ele — )’

where p(x) is the Weierstrass p functions.

We can also introduce integrals of motion I_j as

Le=fitiva= 2 e(-Xw) T 700 (17)

, it o(xi — ;)
Ic{1,..,N},|I|=k el €1, j¢I

In particular,

I _Ze*P»H =@ =), (1.8)

i ]#7‘ (xl - x])

It is natural to set Iy = 1. It can be easily verified that the equations of motion in the time ¢; corresponding
to the Hamiltonian H; = I_; are the same equations (1.6).

This paper is organized as follows. In Sec. 2 we recall the main facts about the 2DTL hierarchy.
We recall the Lax formulation in terms of pseudodifference operators, the bilinear identity for the tau
function, and auxiliary linear problems for the wave function. Section 3 is devoted to solutions that are
elliptic functions of x = ty3. We introduce double-Bloch solutions of the auxiliary linear problem and
express them as a linear combination of elementary double-Bloch functions having just one simple pole
in the fundamental domain. In Sec. 4, we obtain equations of motion for the poles as functions of the
time t; together with their Lax representation. The properties of the spectral curve are discussed in Sec. 5.
In Sec. 6, we consider the dynamics of poles with respect to the higher times and derive the corresponding
Hamiltonian equations. Rational and trigonometric limits are addressed in Sec. 7. Explicit examples of the
Hamiltonians are given in Sec. 8
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2. The 2D Toda lattice hierarchy

Here we very briefly review the 2DTL hierarchy (see [1]). We consider the pseudodifference Lax

operators
L=e"% 4 Z Uy (z)e=kn 0= L=c(x)e % 4 Z Up(z)ekn 9= (2.1)
k>0 k>0

where €79 is the shift operator acting as e*"% f(z) = f(x £ ) and the coefficient functions Uy, Uy
are functions of x, t, and t. The equations of the hierarchy are differential-difference equations for the
functions ¢, Uy, and Uy. They are encoded in the Lax equations

8tm,£ = [Bm7 E]’ 8tm,£ = [Bm7 E]? Bm = (ﬁm)207 (2 2)
0, L= B, L], 0, L= [Bu, L], B = (L"), '
where
(ZUkekn8m> = ZUkeknam, (ZUkekn(s’) :ZUkeknam.
kez 20 k>0 kez <0 k<o
For example, By = €"% + Uy(x), By = c(x)e "%,
An equivalent formulation is provided by the zero-curvature (Zakharov—Shabat) equations
8tnlgrn - athn + [BmaBn] = 07
05, By — 04, By + [Bm, Brn] =0, (2.4)
05, Bm — 05, By, + B, Bn] = 0. (2.5)

For example, from (2.4) with m =n = 1, we have

O, Ince(x) = v(x) —v(x —n),
O, v(x) = c(z) — c(z+ 1),

where v = Up. Eliminating v(x), we obtain a second-order differential-difference equation for ¢(x),
Ouy O, In c{) = 2¢(x) — c(x + 1) — el — 1),

which is one of the forms of the 2D Toda equation. After the change of variables c(x) = e#(®)=@@=n)
it acquires the most familiar form

D, Or, () = eP@—p(z—n) _ p(@t+n)—p() (2.6)
The zero-curvature equations are compatibility conditions for the auxiliary linear problems
O,th = Bm(@)y, 0, = Bm(2)¢, (2.7)

where the wave function ¢ depends on a spectral parameter z: 1) = 1¢(z;t,t). The wave function has the
following expansion in powers of z:

1/} _ zw/neg(t7z) (1 + gl(métat) 4 52('1;;’71—’) R )’ (28)
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where

E(t,2) = Ztkzk.

k>1

The wave operator is the pseudodifference operator of the form
W(x) = 1+ & ()e ™ + Eal)e 1% 4+ (2.9)
with the same coefficient functions & as in (2.8). The wave function can then be written as
P = W(x)z%/Met ), (2.10)
The adjoint wave function v is defined by the formula
ot = Wi — ) e mo/mem 60 (2.11)

(see, e.g., [21]), where the adjoint difference operator is defined according to the rule (f(z) o e""%)f =
e~™% o f(r). The auxiliary linear problems for the adjoint wave function have the form

— O, " = B, (z — n)yT. (2.12)
In particular, we have

O (x) = (x +n) +v(z)P(), (2.13)
~0, 91 (2) = 91 (2 — 1) + v(@ — ) (@),
O P(x) = c(x)y(x —n).

The general solution of the 2DTL hierarchy is provided by the tau function 7 = 7(z,t,t) [22], [23].
The tau function satisfies the bilinear relation

7{ z(w*w/)/”*leé(t“)*g(t/“)T(x,t — [zt 4t + [zil],t/) dz =
= fZ(wfw/)/nfle§(t7z_1)*§(t',z_1)7_(x +n,t,t — [Z])T(xl,tl,t/ +[2]) de, (2.14)
0

valid for all z, ', t, t/, t, t’, where

t+[z] = {t1 +2,ty £ 122,753 + 123,...}.
2 3
The integration contour in the left-hand side of (2.14) is a big circle around infinity separating the sin-
gularities coming from the exponential factor from those coming from the tau functions. The integration
contour in the right-hand side of (2.14) is a small circle around zero separating the singularities coming
from the exponential factor from those coming from the tau functions.

The coefficient functions of the Lax operators can be expressed through the tau function. In particular,

Uo(z) = v(z) = 8, In T(f(;”), o(z)= T +T’7,}(;()”” - (2.15)
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In terms of the tau function, Toda equation (2.6) becomes

Or, Op, In7(z) = Tl t@gf -, (2.16)

The wave function and its adjoint are expressed through the tau function as

yT(z,t = [271],8)

= 5" /met(t 2.17
y=z"le 7(z,t,t) ’ (2.17)
-1
ot = ot T@EH L) 2.18)
T(x,t,t)
We can also introduce the complementary wave functions 1, 1 by the formulas
b= olnggea T@ 86— [2])
t,t ’
7(z,t,t) (2.19)
ot = Z*w/nefé(t,z_l)T(x —n,t,t+[2])

7(z,t,t)

They satisfy the same auxiliary linear problems as the wave functions 1 and ¢!. It is more convenient for
us to work with the renormalized wave functions

d)(ZIJ) = . T(x) 1;(;1;) — Zw/ﬂeé(t,z_l)’r(x +n,t,t— [2])

(x?;?) r(x(+ m:)t +’[ ; (2.20)
to) — T\ v N —a/n €t ) T T IL T, z
¢ (x) - T(x_n)d] (x) =z 776 T(x_n,t,t) .
They satisfy the linear equations
O, d(x) = ¢le —n) —v(x)p(z),  —0;¢'(x) = ¢ (x +n) — v(z —n)o' (), (2.21)

where o(x) = 0, In[r(z + n)/7(x)].
Finally, we note the useful corollaries of bilinear relation (2.14). Differentiating it with respect to ¢,
and setting z = 2/, t =t and t =t  after that, we obtain

271m' j({o (st — ) (@ ot [27Y)) dz =
=0, 7(x +n,t)7(x,t) — O, 7(x,t)7(x + n,t) (2.22)
> r(a + 1)

res(z" ¢ (2)' (x + 1)) = D, In (2.23)

()

where res is defined in accordance with the convention res(z™") = §,1. Equivalently, Eq. (2.23) can be
o0 o0
written in the form

Y@+ =1+ 218, I 7(@ +n)

> o) (2.24)

In a similar way, differentiating bilinear relation (2.14) with respect to #,, and setting x = 2/, t = t’ and
t =1t after that, we obtain the relation

(z +mn)

rSS(Z_m¢(33)¢T(’I +n))=—0,In 7(z)

. (2.25)

Here, res is defined according to the convention rgs(z*”) = p1.
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3. Elliptic solutions of the Toda equation and the double-Bloch
wave functions

The ansatz for the tau function of elliptic (double-periodic in the complex plane) solutions of the 2DTL
hierarchy is given by (1.1), where

o(r) =0z |w,w) =2 | | (1 - x)ez/s+z2/252, s = 2wm + 2w'm’ with integer m, m/,
s
s#0

is the Weierstrass o function with quasiperiods 2w and 2w’ such that Im(w’/w) > 0. It is connected with
the Weierstrass ¢ and p functions by the formulas ((z) = o'(x)/0(x), p(x) = —('(x) = —0%Ino(x). The
monodromy properties of o(z) are

o(z + 2w) = =X a(0) gz + ') = W EH) (), (3.1)

where the constants ((w), ((w’) are related by ((w)w’ — ((w')w = 7i/2.
For elliptic solutions,

v(x) = Zii(é(w—wi) — (=2 +1n)) (3-2)

is an elliptic function, and we can therefore find double-Bloch solutions of linear problem (2.13). The
double-Bloch function satisfies the monodromy properties ¢(z + 2w) = Biy(z) and ¢¥(z + 2w’") = B’y (x)
with some Bloch multipliers B and B’. Any nontrivial (i.e., not exponential) double-Bloch function must
have poles in z in the fundamental domain. The Bloch multipliers of wave function (2.17) are

B = 2%/Mexp <—2C(w) Z(e*D(z) - 1)xi),
‘ (3.3)
B = ZQw'/n exp <—2C(W/) Z(G_D(Z) _ ]_)xi>7

where we define the differential operator
z
D(z)=> L O (3.4)
k>1

It follows from Eq. (2.24) that the Bloch multipliers of the function %' are 1/B and 1/B’. Indeed, the
right-hand side of (2.24) is an elliptic function of x, and therefore the left-hand side must be also an elliptic
function.

We introduce the elementary double-Bloch function ®(x, A) defined as

Bz, \) = Zg;(ge—dm. (3.5)

The monodromy properties of ® are

B(x 4 2w, \) = 2CWA=CDD P (5, \),
(I)(x + 2w/7 )\) = 62(<(WI)A_C()‘)W/)(I)(x7 )\)’

and therefore it is indeed a double-Bloch function. The function ¢ has a simple pole at = 0 with residue 1,
1
Oz, \)= +arz+---, x— 0,
x

where a1 = —p(A)/2. When this does not lead to misunderstanding, we suppress the second argument
of @, writing simply ®(z) = ®(x, A). We also need the z-derivative ®'(z, \) = 9, P(x, A).
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Below, we need the following identities satisfied by ®:

O(x,—N) = —D(—=x,\),
P'(x) = ®(x)(¢(z + A) = ¢(A) = ((x)), (3.7)
®(2)®(y) = ®(z + y)(C(z) + ((y) + C(A) =z +y+ A)).

Equations (2.17) and (2.18) imply that the wave functions 1 and 1" have simple poles at the points ;.
We can expand the wave functions using the elementary double-Bloch functions as

P = k*/Mef(6:2) Z ¢i®(x — x4, N), (3.9)

P =k Me EEAN " Pz — ay, - ), (3.10)

where ¢;, ¢! are expansion coefficients, which do not depend on z, and k is an additional spectral parameter.
We note that the normalization of functions (2.17) and (2.18) implies that ¢; and ¢ are O(\) as A — 0.
We can see that (3.9) is a double-Bloch function with the Bloch multipliers

B = e@/mInk=n(0))+2¢(w)A B’ — o(2'/n)(in k—”C()‘))"‘ZC(Wl)A, (3.11)

and (3.10) has the Bloch multipliers B~! and B'~!. These Bloch multipliers should coincide with (3.3).
Therefore, comparing Eqgs. (3.3) and (3.11), we have

x (m - ncw) +2((w) (A (PP -1y xz) = 2min,

i

2;”’ (m - nC(A)) +2(() (A +Ee PO -1y xi) = 2min

%

with some integers n and n/. Regarding these equations as a linear system, we obtain the solution

k
I —n¢(N) = 2n'n¢(w) — 2nn¢ (W),

A+ (7P 1) le = 2nw’ — 2n'w.

Shifting A by a suitable vector of the lattice spanned by 2w, 2w’, we obtain zeros in the right-hand sides
of these equalities, and we can therefore represent the connection between the spectral parameters k, z,
and A in the form

k= 2™, A= (1-eP®) le (3.12)

These two equations for three spectral parameters k, z, A\ define the spectral curve. Another description
of the same spectral curve is obtained below as the spectral curve of the Ruijsenaars—Schneider system
(it is given by the characteristic polynomial of the Lax matrix L(\) for the Ruijsenaars—Schneider system).
It appears in the form R(k, A) = 0, where R(k, \) is a polynomial in k£ whose coefficients are elliptic functions
of A (see Sec. 5 below). These coefficients are integrals of motion in involution. The spectral curve in the
form R(k,\) = 0 appears if we eliminate z from Egs. (3.12). Equivalently, we can represent the spectral
curve as a relation connecting z and A:

R(ze"™ )\) = 0. (3.13)
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The second equation in (3.12) can be written as an expansion in powers of z:

A=Az)=— Z 2T X X = in, (3.14)

m>1

Here, hy are differential operators of the form

1
R, = o 0O, + higher order operators in O, O4,, .. ., O (3.15)

m—17
The first few are

. | -1
hi = —0y,, ha =, (07 — 0,), hs = 6 (=0} +304, 01, —204,).

As is mentioned above, the coefficients in expansion (3.14) are integrals of motion, i.e., J, hmX = 0 for all j
and m. It then follows from the explicit form of the operators h,, that O; Oy, X = 0. A simple inductive
argument then shows that d;; 9;, X = 0 for all j, m. This means that —hg, X = 711 0, X and hence X is
a linear function of the times,

X=Y"2i=X+ Vtm (3.16)

m>1

with some constants V,,, (which are velocities of the “center of masses” of the points x; with respect to the
times t,,, multiplied by N). Therefore, the second equation in (3.12) can be written as

A= D(z) Za:l = Z Z_JVJ (3.17)

= J

We show in what follows that H,, = V,,/m are Hamiltonians for the dynamics of poles in t,,, with H;
being the standard Ruijsenaars—Schneider Hamiltonian.

4. Dynamics of poles with respect to t;

The next procedure has become standard after paper [9]. We substitute v(z) in form (3.2) and ¢ in
form (3.9) into the left-hand side of the linear problem

O (@) — Pz +n) —v(@)p(z) =0

and cancel the poles at the points x = x; and * = x; — 7. The highest poles are of the second order, but
it is easy to see that they cancel identically. A simple calculation shows that the cancellation of first-order
poles leads to the conditions

zc; + ¢ = Xy Zqu)({Ei — {Ej) + ¢ Z{EJC({EZ — {Ej) — ClZ$jC($l —x; + ’I]),
J#i J#i J

kci — ii chq)(fi —T; — ’I]) =0.
J

Here and below, the dot means the t;-derivative. These conditions can be written in the matrix form as

a system of linear equations for the vector ¢ = (c1,...,cn)T:
L(M)c = kc,
(4.1)
¢=M(MNc,
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where (N x N) matrices L and M are

Lij = 2;®(x; —xzj —n), (4.2)
Mij = 51'3' (k —z+ Z$l<($z — 331) — Z$l<($z —x + 77)) +
i 1
+ (1 - 51J)$1¢($1 — ﬂij) — 331'1)(2131 — Ty — T]). (43)

They depend on the spectral parameter \.
Differentiating the first equation in (4.1) with respect to t; and substituting the second equation,
we obtain the compatibility condition for linear problems (4.1):

(L + [L, M])c = 0. (4.4)

The Lax equation L+ [L,M] = 0 is equivalent to the equations of motion of the elliptic Ruijsenaars—
Schneider system (see [15] for the details of the calculation). We note that our matrix M differs from
the standard one by the term §;;(k — z), but this does not affect the compatibility condition because it
is proportional to the unity matrix. It follows from the Lax representation that the time evolution is an
isospectral transformation of the Lax matrix L, and hence all traces tr L™ and the characteristic polynomial
det(kI — L), where I is the unit matrix, are integrals of motion. We note that the Lax matrix is written in
terms of the momenta p; as

o(z; —x +n)

R0 | i

14

. (4.5)

A similar calculation shows that the adjoint linear problem for function (3.10) leads to the equations

cTXTILINX = ke'T,

4.6
C*T — —C*TM*(A), ( )
where X = diag(&1,...,4x) and
MZ*J = 51'3' </€ —Z— Z$l<($z — 331) + ZQJZC(xZ — ] — 77)) +
l#i l
+(1—5ij)j3jq)($i—ﬂij)—jijq)($i—$j —77). (47)

5. The spectral curve

The first equation in (4.1) defines a connection between the spectral parameters k and A, which is the

equation of the spectral curve:
R(k,\) =det(kI — L(\)) =0. (5.1)

As was mentioned already, the spectral curve is an integral of motion. The matrix L = L(X), which
has an essential singularity at A = 0, can be represented in the form L()\) = e"™MVL(A\)V~!, where
matrix elements of L(A\) do not have essential singularities and V' is the diagonal matrix V;; = 51-3-6_@(”“.

The matrix L()) is given by

oo olx;—x; —n+A) o o(x; —x; +1n)
L) o(No(x; —x; —n) g o(x; —x) (5.2)
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Using the connection between k and z in Eq. (3.12), we represent the spectral curve in the form
det(zI — L(\)) = 0. (5.3)

The spectral curve is an N-sheet covering over the A-plane. Any point of the curve is P = (z, A), where z
and A are connected by Eq. (5.3) and there are N points above each point A.
To represent the spectral curve in explicit form, we recall the identity

) = o ) Lo ot

for the determinant of the elliptic Cauchy matrix. Using this identity, we can represent (5.3) as

N
Z (NI 2N =0, (5.5)
n=0

where I, are the Ruijsenaars—Schneider integrals of motion (1.3) and

Pn(A) = Z((i);nn(:g (5.6)

We now fix two distinguished points on the spectral curve. As A — 0, we have
L(\) = XEX'+0(1),

where F is the rank-1 matrix with the entries I;; = 1 for all < and j. Therefore, using the formula for the
determinant of the matrix I + Y, where Y is a rank-1 matrix, we can write

det(zI — LX) = 2N — 2N "I\~ + 0=V,

or
N-1
det(2I = L(V) = (z = hn (WA T (2 = h; (V)
j=1
where the functions h; are regular functions at A = 0 and hn(0) = I1 = H;. We see that among the

N points above A = 0, one is distinguished: it is the point P, = (00,0). Another distinguished point
is Py = (0, Nn). Because pn(Nn) = 0, we see that this point indeed belongs to the curve.

6. Dynamics in higher times

6.1. Positive times. To study the dynamics of poles in the higher positive times, we take advantage
of relation (2.23), which, after the substitution of the wave functions for elliptic solutions, acquires the form

Z res(zmk_lcic;@(x -2, N)P(z —z; +n,—N)) =

:Z O, tn(C(x — p) — ((x — 20 +1)). (6.1)

Equating the residues at x = x; — 1, we obtain
O, Ti = Zresl (z"k" e ®(z; — x —n, \). (6.2)
1103
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In matrix form, we can write this relation as

O, x; = —res(z™k 1c*T X719, L)c). (6.3)

oo

Summing (6.3) over ¢ and using (3.17), we can write

res(z™N (z)) = res(z"k 1T X "1 Le), (6.4)

where we took into account that ), 0,,L = L. Using the fact that ¢ = O(1/z), we conclude that
kT X the = N (2),

or
cTX e = N(2). (6.5)

Next, with (6.5), we can continue (6.3) as the following chain of equalities:

O, @i = — res( 1T X1, L)c) =
= - res(zm (ke TX ) + res(zmlc_1 Ay, (c*T XN Le) +
+ res(zm “1TX 1L, c) + res( ™y, (ke T X 1 Le) =
= —res s(z" Op, N (%)) +res(zm8 (e TXHe) +
+ res(zm Tx=19,.c) - res( ™ 9y, Inke*T X 1c) =
= — res(z XN (z) Op, Ink)

Here, 0p, Ink = 0, In k(A I)|x=const, where I is the full set of integrals of motion. We see from (3.17) that
Op; Ink = 0p, In 2(A\, I)| x=const- We regard z as an independent variable, whence

dl
0= ne - 8;01' In Z|)\:const + 8)\ In z|I:const 8pl/\
dpi
or
Op; A
lnz=— """, 6.6
Op: In 2 2N (2) (6.6)
Therefore,
Hy,
0y, i = (=" 9, () = ) (6.7)
where the Hamiltonian H,, is given by
H,, = res(z2™ '\(2)). (6.8)

This is the first half of the Hamiltonian equations.
The calculation leading to the second half of the Hamiltonian equations is rather involved. We present
the main steps of it. First of all, we note that

X 10, L=[E,B |+ (Dt —D"YE;A~ —

—ZEIC X — i +n)A” "‘ZEZC x —x)AT =Y, (6.9)
l#1

1104

116



where we introduce the matrices A~ and B~ and diagonal matrices F;, lN)O, and D* defined by their matrix
elements as follows:

Aj =@y~ —n), By = (z; —ax — 77)

(Ei)jk =00, DY=0k Y Clwj—m), D —5ijC — £ ).
175

Now, in order to prove the second half of the Hamiltonian equations, it is enough to obtain the equations
O, pi = res(z2™k "' Y;c), (6.10)
o0

where Y; is the right-hand side of (6.9). Indeed, repeating the argument given after Eq. (6.5) with the
change 0p, — 0,, we obtain the Hamiltonian equations

O, pi = —857 (6.11)
with the same Hamiltonian given by (6.8).
It is clear that et T])
=Ing; — gﬁ;ln o (i — z8) (6.12)
The t,,-derivative of this equality yields
O, pi = i;i_l O, T — Z(atma:i — O, xk)(C(x; — 2k + 1) — C(a; — xp))- (6.13)

ki

We find the first term in the right-hand side. For this, we differentiate Eq. (6.3), which we write here in
the form
O, x; = res(z™k c*TE;A”¢),

with respect to t; and use Egs. (4.1), (4.6). In this way we arrive at
O, iy = res(z™k 1T (M*E; A~ — E;A™M — E; A7 )e), (6.14)
where the matrices M and M* are

M= (k—2)I+D°—D"+XA- XA,

. . 6.15
M*=(k—-2)I-D°+ D" +AX — A" X, (6.15)

and we define the off-diagonal matrix A and diagonal matrices D by specifying their matrix elements

Aji = (1= 051)@(x; — x1),

D?k :5jk2x'l<(a:j—a:l), Dﬁ = iji’lC(fﬁj —xl:l:T]).
l#5 l

Taking into account that ¢*TA~ = k¢*TX 1, A~c = kX ¢, we have

T (M*EA~ —E;A™M — E; A7 )e =
T k(D™ — DYE; X~ 4+ kAE; + EB;A~ (DT — D°) —
— Ei(A"XA—-AXA™) - kE;A— E;XB™ + E;B~X)c.
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Using identities (3.7) and (3.8), can see after some calculations that the result is
cT(M*E;A™ — B, A~ M — E; A7 )e = ke [A, Ejlc.
It is easy to see that
i e k[A, Ejle = T (A, A~ — ATE; A)c.
Identities (3.7), (3.8) allow us to prove the relation

AEA™ — AEA = [E, BTI+ ) ((w—z)BA™ - ZC(W —zi+n)ATE +
1£i

+ZC!E[-CE1A El ZCCEl—CEZ ElA
l#1

Therefore, we have

i1 Oy, d = res (zmklc*T ([El, B7]+2 Zﬁ(xl —xz;) Bl AT —
[

— Zg(xl —xz; +n)A E; — Zg(xl —x; — n)A_El)c>.
1

l

We next transform the remaining part of (6.13):
= (Or,mi = Orpn) (Clws — wx + 1) — (o — ap)) =
k#i

=res (zmk LexT <A (D" — D°YE; —

—ZC —xl—i—nA EZ+Z< —$l)AEl>C)=

l#1

=res (zmc*T (X_l(f)+ — D"E; —

—X 1Z< —$l+77El+X 1Z< '—$1)EZ>C).

l#i

Collecting everything together, we finally find
O, Di = Tes <zmk_lc*T (kX_l(5+ — D"E; —
— kX~ 1Z< i— T A )E +RX T (- m) B+
l#i
+[Ei, BT +2kX 1Y " Ei¢(a — 3:) —
I#£i
— kXY E(n —wi ) kXY B — i — 77))0) =

l l

= res <zmk 1T ([Ei,B‘] + kXY (DT - DYE; +

oo

+ kX IZCM—%)El kX~ 1ZC$1—$1+77)E1> )—

l#1
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= res <zmk1c*T ([E BT+ A~ (D" — D°)E; +

+Z<$l_$1El ZCQ?[—ZIIZ—FT])EZA) >:

l#i

= r;s(zmk_lc*TK-c),

where Y is the right-hand side of (6.9). Therefore, the second half of the Hamiltonian equations is proved.
We comment on how the result is to be modified if we consider a more general tau function of the form

N
7(z,t) = Q@Y H o(x — z;(t)), (6.18)

i=1

where

Qw,t) = ca® +x > ajt;+bt) (6.19)

Jj=1

with some constants ¢, a;. (Here, we set t = 0 for simplicity.) Repeating the arguments leading to (3.12),
we can see that the first equation in (3.12) is modified as

k= ze"N—al) az) = Z 4, (6.20)
=17
Instead of (6.6), we then have
Op, A\(2)
Ink=-"" 1—zd 21
apz nk Z)\I(Z) ( 187 (Z))7 (6 )

and hence the Hamiltonian for the mth flow is a linear combination of H,, and the H; with 1 < j <m.

6.2. Negative times. We first obtain the relation between the velocities &; = 0y, x; and z = 0f, ;.
The relation follows from Toda equation (2.16), where we substitute the tau function (1.1) for elliptic

- ZiéC(x lex o(z =1- H o C xia"g(z)i(;)_ i — 77).

i

solutions:

Equating the coefficients in front of the second-order poles, we obtain

. i —xj+n)o(z —z; —n)
bl = —o?() [ 7w (6.22)
g o*(zi — x;5)

Our strategy is to solve linear problems (2.21) for the complementary wave functions ¢ and ¢' repre-
sented as linear combinations of the elementary double-Bloch functions,

¢(x) = k™/mes qu)x—wmw, — ),

6.23
¢l (x) = k*/nee(t >Zb* (& — @i =7, 1), (029

where p and k are new spectral parameters to be connected with A and & later, and b; and b; are independent
of z. Identifying the monodromy properties of functions (6.23) and (2.20), we obtain the relations between
k, z, and p in the same way as relations (3.12) and (3.17) were obtained:

k= ze W) = Z Z x;. (6.24)

m>1

1107

119



It then follows that

k= ke 16 —n¢(p) (6.25)

We note that the spectral parameters k and z here have a different meaning than in (3.12) and (3.17):
they are local parameters on the spectral curve in the vicinity of the point Py, while in (3.12) and (3.17)
k~! and 27! are local parameters in the vicinity of P..

The substitution of (6.23) in (2.21) with

Zw (& — i) = C(z — = + 1))

gives, after the cancelation of poles at x = z;, the following conditions:

@y b ®(wi — a4, —p) = k70,

~ (6.26)
x Zb}‘@(xi —x; —n,p) =~k
J
Using identity (3.6), we can write them in matrix form as follows:
b X' 'L(p) X' = —k~'bT,  L(p)b* = -k 'b". (6.27)
Here, the matrix L(u) is
o, olx; —z —n
Liy() = 28w, — ; —m.p) = —o* e P bl —ay - [T (g
T o(x; —xp)
where we use relation (6.22).
Equations (6.27) allow writing the equation of the spectral curve in the form
det(k™'T + L(p)) = 0. (6.29)

We show that it is the same spectral curve as the one given by (5.1) and discussed in Sec. 5. To show this, we
find the inverse of the Lax matrix L()) given by (4.2). We have (L=Y(\))x = (—1)** (minoryy,)/ det L(\)
and use the fact that both the numerator and the denominator here are determinants of the elliptic Cauchy
matrices given explicitly by (5.4). In particular,

oA — N —
det L(\) = eN¢N) (H a:) ") H . (6.30)
P £ —Tj = 77)
After some simple transformations, we obtain
_ Nnp—A+z —z—n)
LY\ —e@—z=—m{(A) /U( %
W= 'o(Nn — N(a — 21~ n)
oz — T; + )
X . 6.31
H xl—xz—i—n)H o(xp — ;) (6:31)
Hence,
LT 2 —e W L(n),  p=Nn—A, (6.32)
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where & means equality up to a similarity transformation. Taking Egs. (6.32) and (6.25) into account,
we write spectral curve (6.29) in the form

det(k='1 — L7Y()\)) =0,

which is the same as (5.1). However, we expand the spectral curve in the vicinity of different points in the
previous sections and here: it was the point Py, = (00, 0) previously and is Py = (0, N7) now.
Using Eq. (2.25) and repeating the calculations leading to (6.3) and (6.5), we obtain the relations

O, x; = — rgs(z*mifleX'*l dp, L(11)b*) (6.33)

and
bT X' b = k2 (2). (6.34)

A similar chain of equalities as the one after (6.35) leads to

R OH
0,05 = xgs(~ " () = O (6.35)
where
H,= rgs(z*mflu(z)) =— rgs(z*mflx\(z)). (6.36)

We see that the Hamiltonians for the negative-time flows are obtained from the expansion of A(z) as z — 0:

Az)=Nn— Y Hpz™ (6.37)

m>1

The other half of the Hamiltonian equations,

O0H,,
O pi == 5" (6.38)

z;
can be proved in the same way as Egs. (6.11) were proved.
7. Degenerations of elliptic solutions

7.1. Rational limit. In the rational limit w,w’ — oo, o(z) = x and

Lii(\) = v v\ o= (wi—z;)/A+n/X 71
i (xi_xj_“A)e : (7.1)

where
. s Ti—x+m
$i:61H .

Ty — &
141 i l

The equation of the spectral curve is
det(kI — e (Lyay + A1 XE)) =0,

where L, is the Lax matrix of the rational Ruijsenaars—Schneider system with matrix elements

T;

Lra iy = .
( t)J Ti— x5 =1

(7.2)
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Recalling the connection between the spectral parameters k, z, and \, k = ze/?, we can write the equation
of the spectral curve in the form
det(2] — Lyat — A1XE) = 0. (7.3)

Because E is a rank-1 matrix, we have
1y 1 1 . 1
det| I — A" XFE =1-A""tr( XFE =0,
rat

whence

As z — 00, we expand this as

It is easy to verify the commutation relation
XLrat - LratX = XE + nLrat' (76)

Using it, we have
tr(XEL™Y) = tr(X L™, — L XL — nL™) = —ntr LT,

rat rat rat

We hence conclude that
Az)=—n Z 27" tr Ly, z — 00, (7.7)

m>1

and thus the Hamiltonians for positive-time flows are

Hp,, =-ntr L]} (7.8)

rat-®

This agrees with the result in [18], [19].
To find the Hamiltonians for negative-time flows, we expand (7.4) as z — 0:

Az)==> 2"te(XEL" ) =Nn+n > 2"tr L. (7.9)

m>0 m>1

Therefore,
H,, = —ntr L. (7.10)

This agrees with the result in [20].

7.2. Trigonometric limit. We now pass to the trigonometric limit. Let mi/v be the period of
the trigonometric (or hyperbolic) functions, with the second period tending to infinity. The Weierstrass
functions in this limit are

1
o(x) = ’y_le_'y%”z/6 sinh(yx), ¢(x) = v coth(vyzx) — 37233.

The tau function for trigonometric solutions is

N
7= [J(e> — e, (7.11)

i=1
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and hence we should consider
N

=[] ola - a)er ee?/Oateta), (7.12)
=1

where the exponential factor is inserted to ensure the correct trigonometric limit (7.11) of the elliptic tau
function. Similarly to the KP case [13], Eq. (3.12) with this choice acquires the form

Ink = In z + 1y coth(yA). (7.13)
The trigonometric limit of the function ®(z, A) is
®(x,\) = y(coth(yz) 4 coth(y\))e™ 7% ()
and L(\) takes the form
Lij(X) = ~ve™ COth(W}‘)e*VCOth(W}‘)(“*wi)(a'ci coth(y(z; — x; —n)) + &; coth(yA)).

For further calculations, it is convenient to change the variables as

w; = e277, q= e (7.14)
and introduce the diagonal matrix W = diag(wi, wa,...,wy). In this notation, the equation of the spectral
curve acquires the form

det(zI — g V2 W2 LiieW Y2 — ~(coth(yA) — 1) X E) = 0, (7.15)

where Lyyig is the Lax matrix of the trigonometric Ruijsenaars—Schneider model:

. 1/2 1/2
(Lusse )iy = 271/ | (7.16)
rig)ig w; — qu; .

(see [20]). Again, because E is a rank-1 matrix, we can use (7.15) to obtain

. 1
— -1 —
(coth(yA) — 1) ~tr (XEZI _ q1/2W1/2LtrigW1/2)

or
1 ) 1
A= o In (1 + 2vtr (XEZI B q_1/2W1/2ngW_1/2)>.

Applying the formula det( + Z) = 1 + tr Z for any matrix Z of rank 1 in the opposite direction, we have
1 .
A= 2 In det <(2I — ¢ VPWY LW Y2 4 29X E) x
! 7.17
X zI—q_1/2W1/2LtrigW—1/2 ’ ( : )

Next, we use the trigonometric analogue of relation (7.6),

WXE =q VPWV 2Ly, WY2 — g PW 2L W2, (7.18)
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which can be verified easily. Using this relation, we deduce from (7.17) that

1 1
A=, Indet(al — PW YL W2 — o, Indet(z — g VPWYR L W Y?) =

Y Y
1 1— 2~ 141/2], i m/2 _ ,—m/2
= In det = trie :_szmq 1 tr L
2 1— 27 1q= 12 Ly — 2ym &
Therefore, we finally obtain
_ . sinh(ynm)
Mz) = — m tr L™ 7.19
(Z) Z z ym r trig» ( )
m>1
and hence the Hamiltonians are i
H,, = _SnhOmm) L7 (7.20)
ym

This agrees with the result in [20].
8. Examples of the Hamiltonians

We return to the general elliptic case and introduce renormalized integrals of motion

g, =ty e 4N, (8.1)
a™(n)

where I,,, are the integrals of motion in (1.3) and (1.7). The equation of the spectral curve, Eq. (5.5), is

N
N g (NN =0, (8.2)
n=1
where 0\ )
o(A—nn

It can be expanded as A — 0 (z — 00) as follows:

/\2

1
Expanding the equation of the spectral curve, we have
L4z () — o) 4 C@mhe = | (it Jar 4 ) +0()

or
27U+ Jez7 4+ 3272+ 0(273))

T L)z (20T — (1/2)(C(n) — o(n) TR + O(x78)

Expanding this in a series, A\(z) = >_, -, Hnz™™, we find the first three Hamiltonians:

A(2)

Hl - ']17
Hy = J5 —((n)J3,

Ha = = (60) + G2 2+ (360 — Lot ) 2

(8.4)
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In the rational limit, we can obtain a general formula for H,,. In this limit,

1 1
n A) = -
6= =)
and the equation of the spectral curve becomes
N N
1 Jn N_ 1 _
ZN+77 E nZN =\ E Jp2N T, (8.5)

n=1 n=1

or, recalling that .J,, = nn'~"I, in the rational limit,

Az) = nﬂi nl,(nz)" / [1 + ni In(nz)"} . (8.6)

Expanding the right-hand side in powers of z~!, we obtain

Hl = Il)
Hy =1~ (21 - I}), (8.7)
Hsz =n"2(3I3 — 3L 1, + I}).

In general, it follows from (8.6) that

H,, = (—U)l_m Z Oltnll’l ’ "L/ev (88)
lv|=m
where the sum is taken over all Young diagrams v with |v| = m boxes having nonzero rows vy, ..., vy,

and C]' is the matrix of transition from the basis of elementary symmetric polynomials e; to the power
sums pg. Indeed, it is easy to see that the equality

N N N
Z(_l)nflpnzfn _ Z memZNm/Z eTZN7T
n=1

is equivalent to the well-known Newton identity

for the symmetric functions. The explicit formula is

H, — —mT]lim Z (ri+-+r,m—1)! ﬁ(—li)”- (8.9)

ri!looorm!
r1+2ra+-+mr,=m 1 m
712>0,...,7, >0

We now consider Hamiltonians for the negative-time flows. The equation of the spectral curve (5.5)
can be rewritten in the form

N
NN+ on-n(NIpz" =0, (8.10)
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or, equivalently,

N
oW+ A A R Y (8.11)
Expanding p — 0 in powers of z as u(z) = Zm21 H,,z™, we obtain

Hy=—-J,,
Hy=—J_5—C(n)J%, (8.12)

Ha = - = Q) + a2 = (5670 = yoln) ) 7.

In the rational limit, we have
Hy =n’I_y,

Hy=n?(21_5 — I%)), (8.13)
Hy=n*(31_3 — 31_11_» + I%,).

We can see that the properly arranged limit 7 — 0 in (8.7) of the Hamiltonians for positive-time flows
yields Hamiltonians of the Calogero-Moser model, while Hamiltonians (8.13) for negative-time flows vanish
in this limit.

9. Conclusion

The main result in this paper is the precise correspondence between elliptic solutions of the
2D Toda lattice hierarchy and the hierarchy of the Hamiltonian equations for the integrable elliptic
Ruijsenaars—Schneider model with higher Hamiltonians. The zeros of the tau function move as
particles of the Ruijsenaars—Schneider model. We have shown that the mth-time flow ¢,, of the 2DTL
hierarchy gives rise to the flow with the Hamiltonian H,, of the Ruijsenaars—Schneider model, obtained as
the mth coefficient of the expansion of the spectral curve A(z) in negative powers of z as z — oo. Moreover,
the mth-time flow t,, of the 2DTL hierarchy corresponds to the flow with the Hamiltonian H,, of the
Ruijsenaars—Schneider model. obtained as the mth coefficient of the expansion of the spectral curve A(z)
in positive powers of z as z — 0. The first few Hamiltonians were found explicitly.

For rational and trigonometric degenerations of elliptic solutions, the previous results in [18]-[20],
obtained there by a different method, are reproduced here: the ¢, time flow of the 2DTL hierarchy gives
rise to the flow with the Hamiltonian H,, proportional to tr L™, where L is the Lax matrix, while the #,,
time flow gives rise to the Hamiltonian flow with the Hamiltonian H,, proportional to tr L="™.
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ABSTRACT

We consider solutions of the matrix Kadomtsev—Petviashvili (KP) hierarchy that are elliptic functions of the first hierarchical time #; = x.
It is known that poles x; and matrix residues at the poles pf‘ﬁ = af‘bf of such solutions as functions of the time f, move as particles of spin
generalization of the elliptic Calogero-Moser model (elliptic Gibbons-Hermsen model). In this paper, we establish the correspondence with
the spin elliptic Calogero-Moser model for the whole matrix KP hierarchy. Namely, we show that the dynamics of poles and matrix residues
of the solutions with respect to the kth hierarchical time of the matrix KP hierarchy is Hamiltonian with the Hamiltonian Hj obtained
via an expansion of the spectral curve near the marked points. The Hamiltonians are identified with the Hamiltonians of the elliptic spin

Calogero-Moser system with coordinates x; and spin degrees of freedom af, bf; .

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0051713

I. INTRODUCTION

The Kadomtsev-Petviashvili (KP) hierarchy is an archetypal infinite hierarchy of compatible nonlinear differential equations with
infinitely many independent (time) variables t = {t1,t2,3,...}. In the Lax-Sato formalism, the main object is the Lax operator, which is a
pseudo-differential operator of the form

L=0c+wO; +1upd %+ (1.1)

The coefficient functions u; are dependent variables. Among all solutions to equations of the hierarchy, of special interest are solutions that
have a finite number of poles in the variable x in a fundamental domain of the complex plane. Most general solutions of this type are those for
which the coefficient functions u; are elliptic (double-periodic in the complex plane) functions of x with poles depending on the times t.

The study of singular solutions to nonlinear integrable equations and dynamics of their poles was initiated in the pioneering papers.'~
Now, it is a well-known subject in the theory of integrable systems. The remarkable result is that the poles of solutions to the KP equation
as functions of the time ¢, move as particles of the integrable Calogero-Moser many-body system,’® which is known to be integrable, i.e.,
having a large number of integrals of motion in involution. Elliptic, trigonometric, and rational solutions correspond to the Calogero-Moser
systems with elliptic, trigonometric, and rational potentials, respectively.

In the work of Ref. 9, Shiota showed that in the case of rational solutions, the correspondence between the KP equation and the ratio-
nal Calogero-Moser system can be extended to the whole KP hierarchy. Namely, the evolution of poles with respect to the higher time
tm was considered, and it was shown that it is described by the higher Hamiltonian flow of the rational Calogero-Moser system with the
Hamiltonian H,, = tr L™, where L is the Lax matrix depending on the coordinates and momenta in a special way. Recently, this remark-
able correspondence was generalized to trigonometric and elliptic solutions to the KP hierarchy (see Refs. 10-12). However, in the elliptic

J. Math. Phys. 62, 061502 (2021); doi: 10.1063/5.0051713 62, 061502-1
Published under an exclusive license by AIP Publishing

129


https://scitation.org/journal/jmp
https://doi.org/10.1063/5.0051713
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0051713
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0051713&domain=pdf&date_stamp=2021-June-2
https://doi.org/10.1063/5.0051713
http://orcid.org/0000-0001-5120-1783
http://orcid.org/0000-0002-4319-770X
mailto:vadim.prokofev@phystech.edu
mailto:zabrodin@itep.ru
https://doi.org/10.1063/5.0051713

Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

case, this correspondence is no longer formulated in terms of traces of the Lax matrix (which, in this case, depends on a spectral para-
meter). Instead, the Hamiltonian H,, that governs the dynamics of poles with respect to t,, is shown to be obtained by the expansion of the
Calogero—-Moser spectral curve near a distinguished marked point. It was also shown in Ref. 12 that for trigonometric and rational degener-
ations of elliptic solutions, this construction gives the results, which agree with the previously obtained ones for trigonometric and rational
solutions.

There exists a matrix generalization of the KP hierarchy (matrix KP hierarchy). In the matrix KP hierarchy, the coefficient functions
u; in the Lax operator (1.1) are n x n matrices. Like the KP hierarchy, it is an infinite set of compatible nonlinear differential equations
with infinitely many independent variables t and matrix dependent variables. It is a subhierarchy of a more general multi-component (-
component) KP hierarchy,'* !¢ which has an extended set of independent variables {ti,ta,...,ta}, ta = {ta1, ta2, ta3,. ..} & =1,...,n. The
matrix KP hierarchy is obtained by the restriction tym = t,n for all a, m.

The elliptic, trigonometric, and rational solutions to the matrix KP equation were investigated in Ref. 17. In the matrix case, the data of
singular solutions include not only the positions of poles x; but also some “internal degrees of freedom,” which are matrix residues at the poles
(they were fixed in the scalar case). In the work of Ref. 17, it was shown that the dynamics of the data of such solutions with respect to the
time ¢, is isomorphic to the dynamics of a spin generalization of the Calogero-Moser system, which is also known as the Gibbons-Hermsen
model.'¥ It is a system of N particles with coordinates x; and with internal degrees of freedom represented by n-dimensional column vec-
tors a;, b; with components aj and b7, « = 1,...,n. The rank 1 matrices p; = a,b!, where b} is the row vector obtained from the vector b;
by transposition, represent matrix residues at the poles x;. The particles pairwise interact with each other. The Hamiltonian of the elliptic
model is

N

H =Y pi = 3 (bl ag) (bia)e(xi — xi), (1.2)
i=1

ik

where p(x) is the Weierstrass p-function, which is the elliptic function with the only second order pole at x =0 in the fundamental
domain. The non-vanishing Poisson brackets are {xi, px} = 8x, {af, bf } = 64p0i. The model is known to be integrable, possessing the Lax
representation with the Lax matrix L(1) depending on a spectral parameter A lying on an elliptic curve.

The extension of the isomorphism between rational and trigonometric solutions of the matrix KP equation and the Gibbons-Hermsen
system to the whole hierarchy was recently made in Ref. 19 for rational solutions and in Ref. 20 for trigonometric ones. In this paper, we
generalize these results to elliptic solutions of the matrix KP hierarchy.

Our main result is that the dynamics of poles x; and vectors a; and b;, which parameterize matrix residues at the poles with respect to
all higher times t,, of the matrix KP hierarchy, is Hamiltonian, with the corresponding Hamiltonians being higher Hamiltonians of the spin
elliptic Calogero-Moser model. We find them in terms of expansion of the spectral curve

det ((z+ ()1 -L(A)) =0 (1.3)

[{(A) is the Weierstrass {-function] near some distinguished marked points at infinity. The spectral curve is a covering of the elliptic curve
where the spectral parameter A lives. We show that above the point A = 0, there are n points at infinity Py = (co4,0), where z = oo, so that
there are n distinguished sheets of the covering (neighborhoods of the points Py). In a neighborhood of the point A = 0n, different branches of
the function z(1) such that z(1) — co as A — 0 are defined by the equation of the spectral curve. Let us denote them by z4(1), and let Ao (z)

n
be inverse functions. Our main result is that the sum over all branches Y. 14(z) is the generating function for the Hamiltonians H,,,
=

n
S da(z) =-Nz' = Y 27" 'H,, (1.4)
a=1 m>1
n
or Hy = - 00(2"Aa(z)). We also show that the degeneration of this construction to the rational and trigonometric cases allows one to

a=1

reproduce the results of Refs. 19 and 20.

The organization of this paper is as follows. In Sec. II, we remind the reader the main facts about the multi-component and matrix
KP hierarchies. We recall both the Lax-Sato approach based on Lax equations and the bilinear (Hirota) approach based on the bilinear
relation for the tau-function. In Sec. I1I, we introduce elliptic solutions and discuss the corresponding double-Bloch solutions for the wave
function. Section IV contains the derivation of the dynamics of poles and residues with respect to time t,. Following Ref. 17, we derive
the equations of motion together with their Lax representation. In Sec. V, we discuss the properties of the spectral curve and define the
distinguished branches of the function z(1) around the point A = 0. Sections VI and VII are devoted to the derivation of the Hamiltonian
dynamics of poles and residues in the higher times ¢,,, respectively. In Sec. VIII, we find explicitly the first two Hamiltonians using expansion
(1.4) and identify them with the Hamiltonians of the spin generalization of the Calogero-Moser system. Finally, in Sec. IX, we consider the
rational and trigonometric degenerations of our construction and show that the results of the previous works are reproduced by the new
approach.
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Il. THE MATRIX KP HIERARCHY

Here, we briefly review the main facts about the multi-component and matrix KP hierarchies following.!*!° We start from the more
general multi-component KP hierarchy. The independent variables are # infinite sets of continuous “times”

t={t,ty,...,t.}, ta = {fa1 ta2s tads - - s a=1,...,n

It is also convenient to introduce the variable x such that
n
=00, (2.1)
a=1

The hierarchy is an infinite set of evolution equations in times t for matrix functions of the variable x.
In the Lax-Sato formalism, the main object is the Lax operator, which is a pseudo-differential operator of the form

L=0c+wo +udt+---, (2.2)

where the coefficients u; = u;(x,t) are n x n matrices. The coefficient functions u; depend on x and also on all the times

uk(x,t) = le(x+ t1,1,x+ tz,l,. R tn,1§t1,2;~ . .,tn,z;. . )

In addition, there are other matrix pseudo-differential operators R, ..., R, of the form

Rea = Ea + i1 07" + 11207 + -+, (2.3)

where E, is the n x n matrix with the (o, «) element equal to 1 and all other components equal to 0 and u,; are also n x n matrices. The
operators £, Ri, . .., Ry satisfy the following conditions:

LRo=Raly, RaRp=0pRas » Ra=1I, (24)
a=1
where I is the unity matrix. The Lax equations of the hierarchy that define evolution in the times read

Oy L= [Bao £, 91y Ry = [Bugs Ryl Bax = (L'Ru) o k=1.2.3,..., (2.5)

where (...); means the differential part of a pseudo-differential operator, i.e., the sum of all terms with 8%, where k > 0.
Let us introduce the matrix pseudo-differential “wave operator” WV with matrix elements

Was = 8 + 26 (6,685, (26)
k>1

where ELEZ) (x,t) are the some matrix functions. The operators £ and R, are obtained from the “bare” operators I0, and E, by “dressing” by
means of the wave operator,

L£=WOW", Ra = WE W . (2.7)

Clearly, there is an ambiguity in the definition of the dressing operator: it can be multiplied from the right by any pseudo-differential operator
with constant coefficients commuting with E, for any a.

A very important role in the theory is played by the wave function ¥ and its adjoint W' (hereafter, T does not mean Hermitian
conjugation). The wave function is defined as a result of action of the wave operator to the exponential function,

Y(x,t;2) =W exp(le + zn: Eaf(ta,z)), (2.8)

a=1

where we use the standard notation
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E(tw2) = Dtz

k>1

By definition, the operators 0} k with negative powers act to the exponential function as 0} ke = z7%¢*. The wave function depends on the

spectral parameter z, which does not enter the auxiliary linear problems explicitly. The adjoint wave function is introduced by the following
formula:

¥i(x,t;2) = exp(fle - Zn:Eaf(ta,z))Wﬂ. (2.9)

a=1

Here, we use the convention that the operators 9 that enter W' act to the left rather than to the right, the left action being defined as

fOx = —0x f. Clearly, the expansion of the wave function as z — oo is as follows:

Yo (x,t2) = ex”{(t“’z)((?aﬁ + fié)zf1 + rfi;)z*z e ) (2.10)

As is proved in Ref. 16, the wave function satisfies the linear equations

Ot ¥ (%,62) = Bem¥ (x, 45 2), (2.11)

where By, is the differential operator (2.5), i.e., Bam = (WEaa,Z” wt )+ and the adjoint wave function satisfies the transposed equations

- atm\yf (x,t2) = i (x,t;2) Bam- (2.12)

Again, the operator Bq,, here acts to the left. In particular, it follows from (2.11) and (2.12) at m = 1 that

>0, Y (xt2) = 0¥ (x t:2), > 0, ¥ (nt2) = 9,¥ (x.62), (2.13)
a=1 a=1

so the vector field O, can be naturally identified with the vector field }°,0;,, .

Another approach to the multi-component KP hierarchy is provided by the bilinear formalism. In the bilinear formalism, the dependent
variables are the tau-function 7(x, t) and tau-functions 7,3(x, t) such that 74 (x, t) = 7(x, t) for any a. The n-component KP hierarchy is the
infinite set of bilinear equations for the tau-functions, which are encoded in the basic bilinear relation

n ’
> euveﬁngc dz 228D (ot - (271 ) (et + [271])) = 0 (2.14)

v=1
valid for any t, t'. Here, €,4 is a sign factor: €,3 = 1 if @ < f and €,5 = —1 if @ > f. In (2.14), we use the following standard notation:
k

(t + [Z_l]y)ak = ttx,k + 605)/%.

The integration contour Ce is a big circle around co.
The tau-functions are universal dependent variables of the hierarchy. All other objects including the coefficient functions u; of the Lax
operator and the wave functions can be expressed in terms of them. In particular, for the wave function and its adjoint, we have

- [z
Wop(62) = eug (%t - [271]p) Pa18(t52)

(%) (2.15)
+ . _ Toc/i(x’t + [Zil]"‘) Sap—1 ,—¢(ta, .
\Paﬁ(x’t’z)‘eﬁuTZ p=1p=8(tar)
Note that the bilinear relation (2.14) can be written in the form
5{ dz¥(x,t2)¥ (x,t;2) = 0. (2.16)
Coo
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The coefficient Eié) (x,t) plays an important role in what follows. Equation (2.15) implies that this coefficient is expressed through the
tau-functions as
ap(%, t
G0 azxf

) o (x t)’
1 _ 5
D (1) = aﬁﬂgx) 9 (2.17)
-, a=p
7(x, t)
Let us point out a useful corollary of the bilinear relation (2.14). Differentiating it with respect to t, and putting t’ = t after this, we
obtain
1 m
i ﬁwdzz Wk (%, 1 z)\I’IB(x, tz) = —8&,,"%/13) (x,t) (2.18)
or, equivalently,
ris(zm‘{’mc‘l’iﬁ) = -0k, fié) (2.19)

The integrand in (2.18) should be regarded as a Laurent series in z, and the residue at infinity is defined according to the convention
res (z75) = 8.
The matrix KP hierarchy is a subhierarchy of the multi-component KP one. It is obtained by the following restriction of the independent

n
variables: tom =t for each & and m. The corresponding vector fields are related as 0, = ¥ 0,,,. As is clear from (2.10), the wave function
a=1

for the matrix KP hierarchy has the expansion

Wop(x,t2) = (aaﬁ +EQM + o(zfz))e"““"z), (2.20)

where &(t,z) = Y t;z". Equation (2.11) implies that the wave function of the matrix KP hierarchy and its adjoint satisfy the linear
k>1

equations

O Y(t:2) = Bu¥(tz), -0,V (2) =¥ (t2)By, m>1, (2.21)

N
where By, is the differential operator B,, = (W@f’ w! )+. Atm =1, we have 9, ¥ = 0,'¥, so we can identify Ox = 0, = ¥ Oy,,. This means that
a=1

the evolution in the time ¢ is simply a shift of the variable x: f(k)(x, t,t,...) = E(k) (x+t1,t2,...). At m = 2, Eq. (2.21) turns into the linear
problems

LY = 7Y +2V(x, )Y, (2.22)

0, ¥" =0l + 29TV (x, 1), (2.23)

which have the form of the matrix non-stationary Schrédinger equations with

V(xt) = —0.D (x,1). (2.24)

Summing (2.18) over x, we obtain an analog of (2.18) for the matrix KP hierarchy,

1 g m
) § dee"Va (o 62 ¥y(02) = -0,85 (00). (2.25)

Below, we will use Egs. (2.18) and (2.25) for the derivation of dynamics of poles and residues of elliptic solutions in higher times.

lll. ELLIPTIC SOLUTIONS OF THE MATRIX KP HIERARCHY AND DOUBLE-BLOCH FUNCTIONS

Our aim is to study solutions to the matrix KP hierarchy, which are elliptic functions of the variable x (and, therefore, t1). For the elliptic
solutions, we take the tau-function in the form
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7(x,t) = C[ Jo(x - xi(t)), (3.1)
i=1
where

X Xz
o(x) = o(x| w, ") = xn(l - f) es"3, s=2wm+2w'm’, withinteger m, m’
s#0 S

being the Weierstrass o-function with quasi-periods 2w, 2w such that Im(w’/w) > 0. It is connected with the Weierstrass {- and p-functions
by the formulas {(x) = ¢’(x)/0(x) and p(x) = —{'(x) = —82 log o(x). The monodromy properties of the function o(x) are

o(x+2w) = —ezi(w)(xw)a(x), o(x+20') = —ezz(w,)(erwl)o(x), (3.2)

where the constants {(w) and {(«w") are related by {(w)w’ — {(w")w = 7i/2. The N zeros x; of (3.1) are assumed to be all distinct.
We also assume that the tau-functions 7,5 at a # 8 have the form

N
o5 (5,1) = Cop[ ] o(x - 5 (1)), 3.3)

i=1
with

in(t) = in(“ﬁ)(t) forall a, . (3.4)

The consistency of this assumption is justified below.

Equation (2.17) together with condition (3.4) implies that V(x,t) = 7ax§<” in the linear problem (2.22) is an elliptic function of x.
Therefore, one can find solutions to (2.22), which are double-Bloch functions. The double-Bloch function satisfies the monodromy prop-
erties Wap(x +20) = BgW,p(x), Wap(x +20") = Bg'Wap(x) with some Bloch multipliers Bg, Bj. The Bloch multipliers of the wave function
(2.15) are

Bg = exp (Za)z - ZC(w)Z(efDﬁ(z) —l)x,-)),

(3.5)
Bg = exp (Zw'z - Zf(w’)Z(e_Dﬂ(z)—l)xi)),

where the differential operator Dg(z) is

-k
z
Dﬁ(z) = 27 &M. (36)
k=1
Since the right-hand side of (2.25) is an elliptic function of x, the Bloch multipliers of the adjoint wave function should be 1/Ba, 1/Bj:
Who(x+20) = (Ba)Wh(x), Who(x+20) = (BL) W4 (x).
Any non-trivial double-Bloch function (i.e., the one which is not just an exponential function) must have at least one pole in x in the

fundamental domain. Let us introduce the elementary double-Bloch function ®(x,1) having just one pole in the fundamental domain and
defined as

a(x + A) e_((A)x

O(x L) = ——7 3.7
TN G2
[here, {(1) is the Weierstrass {-function]. The monodromy properties of the function ® follow from (3.2),
DO(x+2w,1) = ez(((w))l*((l)w)q)(x,)t),
D(x+2w',1) = ez(((w’))‘_((’\)wl)q)(x,)t).

We see that it is indeed a double-Bloch function. It has a single simple pole in the fundamental domain at x = 0 with residue 1,

1 1

O(xA)=—-—pM)x+---, x—0.
x 2
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It is easy to see that @(x, 1) is an elliptic function of A. The expansion as A — 0 is
D(x1) = (rl () + % (C(x) = ()N + O(Az))e""”. (3.8)

We will also need the x-derivatives ®'(x,1) = 9x®(x,1) and @ (x,1) = FrD(x,1).

It is clear from (2.15) that the wave functions ¥, ¥' (and thus the coefficient 5(1)), as functions of x, have simple poles at x = x;. It is
shown in Ref. 19 that the residues at these poles are matrices of rank 1. We parameterize the residues of &) through the column vectors
aj = (al«l,af, ... ,af’)T and b; = (b},bf, e b?)T (T means transposition),

;:g,;) = Sup Zi:a?bf;((x —xi), (3.9)
where Sap does not depend on x. Therefore,
V(x,t) = —Za?b?p(x—xi). (3.10)
i

The components of the vectors a;, b; are going to be spin variables of the elliptic Gibbons—Hermsen model.
One can expand the wave functions using the elementary double-Bloch functions as follows:

Vo = PTG B (x - x;, Ap), (3.11)
i
\Pip = ¢ ker=t(t2) Zcfabfq)(x — X —Aa), (3.12)
1
where ¢ and ¢}* are components of some x-independent vectors ¢; = (¢!, ...,c")T and ¢/ = (¢',...,c}")T. This is similar to the expansion

of a rational function in a linear combination of simple fractions.
One can see that (3.11) is a double-Bloch function with Bloch multipliers

By - 20 ks=C0p))+2 (g B/IS _ eZUJ((kp—((/lp))‘*‘Z((“’()A/}, (3.13)

and (3.12) has Bloch multipliers (B)™" and (Bj)™'. These Bloch multipliers should coincide with (3.5). Therefore, comparing (3.5) with
3.13), we get

20(ks —z—C(Ag)) + z((w)(aﬁ + (e @ _ 1)Zx,~) = 27in,

20" (kg =z - C(Ag)) + 2((«)')(@; + (efD“(Z) - I)in) = 27min'

with some integer n, n’. These equations can be regarded as a linear system. The solution is

ks -2 - C0hg) = 20¢(@) - 200(@),
Ag+ (2@ I)fo =2n0' - 2n'w.

Shifting Ag by a suitable vector of the lattice spanned by 2w, 2w’, we can represent the connection between the spectral parameters kg, z, Ag in
the form

kg =z +((Ap),
Aﬁ _ (1 _ e—Dﬂ(l))in. (314)

These two equations for three spectral parameters kg, z, Ag determine the spectral curve, with the index  numbering different sheets of it.
Another description of the same spectral curve is obtained below as the spectral curve of the spin generalization of the Calogero-Moser
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system [it is given by the characteristic polynomial of the Lax matrix L(1) for the spin Calogero-Moser system]. As we shall see below, it has
the form R(k, 1) = 0, where R(k, 1) is a polynomial in k whose coefficients are elliptic functions of A. These coefficients are integrals of motion
in involution. The spectral curve in the form R(k,A) = 0 appears if one excludes z from Eq. (3.14). Equivalently, one can represent the spectral
curve as a relation connecting z and /\ﬂ,

R(z+(Ap),Ap) = 0. (3.15)

The function z(1) defined by this equation is multivalued, zz(1) being different branches of this function. Then, the function Ag(z) is the
inverse function to zg(1). Using the same arguments as in Ref. 12, one can see that the second equation in (3.14) can be written as

—J
Ap(2) = Dy(2) Y i = 227 viO, v <o, 3 (3.16)

21

where A3(z) should be understood as the expansion of the Sth branch of the function A(z) in negative powers of z near z = co.

IV. DYNAMICS OF POLES AND RESIDUES IN ¢,

We first consider the dynamics of the poles and residues with respect to time f,. Following Krichever’s approach, we consider the linear
problems [(2.22) and (2.23)] and substitute the pole ansatz [(3.11) and (3.12)] for the wave functions.

Consider first the equation for W. After the substitution, we see that the expression has poles at x = x; up to the third order. Equating
coefficients at the poles of different orders at x = x;, we get the following conditions:

o At ﬁ, b;’a?: 1.

o At rlj‘[)z, —% x,cf; —Jéb}'a]ycf@(x;—xj,)tﬁ) = k/gcf.

o At

. On(atd) = (K -2 +p(Ag))ald

1
X—X;
!
—ZZa?b}'ajvcfd) (xi = xj,Ag) — ZCfZaivb}'afp(xl— - %),
jEi J#i

where dot means the f,-derivative. Here and below summation over repeated Greek indices, numbering components of vectors from 1 to n is
implied, unless otherwise stated. Similar calculations for the linear problem for ¥ lead to the following conditions:

o At (96_7;)3, bla] = 1 (the same as above).

o At Lo, —lycfo- 267} aj @ (xj-xi, Aa) = Kaci.

j#i

(x-x)?* "2

o At 0u() = (G -2+ p(ha))cl Y]

Xi

+22cf"‘bj‘-'a}/h?®'(xj - Xi,Aa) + ZC;“Zb}'a;bfp (xi — xj).

J#Ei JEi

Here, we have used the obvious property ®(x, -1) = —®(-x,1).
The conditions coming from the third order poles are constraints on the vectors a;, b;. The other conditions can be written as

_ B _
Q;gl L(Ag))c” =0, (4.1)
C :M(Aﬁ)cﬁ,

{c (keI =L(Aa)) =0, (4.2)
¢ = C*aM*(Azx)

(no summation over a, f), where ¢ = (&£, . .. clﬁV)T and c** = (¢{%...cN") are N-dimensional vectors, I is the unity matrix, and L(1), M(1),
and M * (1) are N x N matrices of the form

1 . Vv v
L,j(/\) = 75 x,»S,j - (1 - 6,])51 aj(D(xi - x]‘,/l), (4.3)
My(A) = (K = 2° +p(A) = A8y - 2(1 - 8;)blaj @' (x; - x;, M), (4.4)
M (A) = ~(K =22 +p(A) = AT )8; +2(1 - 85)bjaj @’ (x; — xj, A). (4.5)
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Here,
b st
Z pral Gt ) -A = 22 o (xi - x)) (4.6)
i J#i a; J#i

do not depend on the index « (there is summation over v but no summation over a). In fact, one can see that A; = A} so that M* (1) = -M ().
Indeed, multiplying Eq. (4.6) by a{'b{ (no summation here), summing over a, and summing the two equations, we get A; — A = 9;,(afb{) =0
by virtue of the constraint af b = 1.

Differentiating the first equation in (4.1) by t,, we get the compatibility condition of Eq. (4.1),

(L +[L,M])cf =o. (4.7)

One can see, taking into account Eq. (4.6), that we write here in the form

ai = Niai =2 a7 bjajp(xi - xj), (4.8)
j#i

b = —Aibf +23 bl al b (xi - X)) (4.9)
]#l

(in this form, they are equations of motion for the spin degrees of freedom) that the off-diagonal elements of the matrix L + [L, M] are equal
to zero. Vanishing of the diagonal elements yields equations of motion for the poles x;,

Xi = 4217“ b};a:’p'(x,- - xj). (4.10)

JEI

The gauge transformation af — afq;, bif — bf‘qi_l with g; = exp(ftzAidt) eliminates the terms with A; in (4.8) and (4.9), so we can put A; = 0.
This gives the equations of motion

af = -2)albalp(xi - x), b =2 blalbie(xi - x). (4.11)

JEL JEL

Together with (4.10), they are equations of motion of the elliptic Gibbons-Hermsen model. Their Lax representation is given by the matrix
equation L = [M, L]. It states that the time evolution of the Lax matrix is an isospectral transformation. It follows that the quantities tr L™ (1)
are integrals of motion. In particular,

N
H, = Zplz - >ba ;‘b] alp(xi - x;) = tr () + const (4.12)

i#j

is the Hamiltonian of the elliptic Gibbons-Hermsen model. Equations of motion (4.10) and (4.11) are equivalent to the Hamiltonian
equations

. OH, . OH, .« OH, . OH,
i = > i= T i= s bi=- . 4.13
s P e YT e das (4.13)

i

We see that %; = 2p; and the Lax matrix is expressed through the momenta as follows:

Lij(A) = —pibi — (1 = 8;5)bi aj ®(xi — xj, A). (4.14)
As we shall see, the higher time flows are also Hamiltonian with the Hamiltonians being linear combinations of spectral invariants of the
Lax matrix, i.e., linear combinations of traces of its powers tr I/ (1). It is not difficult to see that

b =Sttt (4.15)

are integrals of motion for all time flows: 0;,, G* = 0. Indeed, we have
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o () - o e - )

aalﬁ

and this is zero because H,, is a linear combination of tr I/ (1) and

OL i OL i
vt Lt NP il f
Z( ’ r(‘%? ) : r(aaf ))

B OLy 1 8le i1
- ZZ(bﬁ abrx L aaﬁ Lkl

i Lk

= 3 (O - )b g (x - %)L, =

i l#k

A simple lemma from the linear algebra states that eigenvalues v, of the n x n matrix G (4.15) coincide with nonzero eigenvalues of the
rank nN x N matrix F with matrix elements

Fj=bla). (4.16)

(We assume that n < N.) Indeed, consider the rectangular N x n matrix Aja = aj and Big = bﬁ and then, G= A"B, F=BA”, and a straight-
forward verification shows that traces of all powers of these matrices c01nc1de tr G" = teF"™ for all m > 1. This means that their nonzero

n
eigenvalues also coincide. Note that tr G = Y. v = N.
a=1

V. THE SPECTRAL CURVE

The first of Eq. (4.1) determines a connection between the spectral parameters k = kg,A = Ag, which is the equation of the spectral
curve

R(k,A) := det(kI — L(1)) = 0. (5.1)

As already mentioned, the spectral curve is an integral of motion. The matrix L = L(1) has an essential singularity at A = 0. It can be repre-

sented in the form L = VLV ™', where V is the diagonal matrix V;; = (Sije_((’l)x". Matrix elements of L do not have any essential singularity in A.

We conclude that
N
R(k,A) = > Ru(L)K",
m=0

where the coefficients R, (1) are elliptic functions of A with poles at A = 0. They can be represented as linear combinations of the p-function
and its derivatives, coefficients of this expansion being integrals of motion. Fixing their values, we obtain an algebraic curve I, which is an
N-sheet covering of the initial elliptic curve & realized as a factor of the complex plane with respect to the lattice generated by 2w, 2w’

In a neighborhood of the point A = 0, the matrix L(1) can be represented as

L) =1""(1-F)+0(1),

where F is the rank n matrix (4.16) (recall that #n < N). This matrix has N — n vanishing eigenvalues and n nonzero eigenvalues va, ¢ = 1,.. ., 7.
They are time-independent quantities because as we have shown above, they coincide with eigenvalues of the matrix G (4.15), which is an
integral of motion. Therefore, we can write

det(kI - L(1)) = Ul (k= (1=va)A ™" = m,()t))_ﬁ1 (k=27 - H(A)),

where hy, h; are regular functions of A near A = 0. This means that the function k has simple poles on all sheets at the points of the curve T
located above A = 0. Now, recalling the connection between k and z given by the first equation in (3.14), we have

det((z+ {(A)I-L(A)) = H(z+m‘ —ha(1)) 1‘[ (z-hi(1)). (5.2)

j=n+1
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We see that n sheets of the curve I' lying above a neighborhood of the point A = 0 are distinguished. There are n points at infinity above A = 0:
Pf°°) = (001,0),... ,P§°°) = (c0,,0). In the vicinity of the point Pff"), the function A = A,(z) has the following expansion:

A=Ma(2) = —vaz ' +0O(27). (5.3)

As shown in Ref. 17, the points P{>) €T are the marked points, where the Baker—Akhiezer function on the spectral curve has essential
singularities.

With expansion (5.3) at hand, we can make a more detailed identification of wave function (2.15) with expansion (2.20) and wave
function (3.11). The expansion of function (3.11) as Az — 0 yields

Wop = e+ Z(a?bfvﬁl + /\,;vgl (a}xdf; + af‘bf((x -xi)) + O()Lf;)),
i
where we took into account that the identification implies the expansion

& =g e D (b 4 a5l + 0(A)), A5 0. (5.4)

Therefore, taking into account (5.3), we can write

Yop = D) (Za,‘»‘bf;vﬁ_l vz (S,,,/;—Za?bf{(x - x,-)) + O(z’z)).
i i
Comparing with (2.20), we conclude that
arp
Zai b; = vaOap. (5.5)
It is easy to see that the Hamiltonian and the Lax matrix are invariant with respect to the gauge transformation

a —> W_la,-, b,T - b,TW (5-6)

with arbitrary non-degenerate n x n matrix W. Therefore, after the transformation G — W' gW, the matrix G can always be regarded as a
diagonal matrix, as in (5.5), with the eigenvalues being the same as nonzero eigenvalues v, of the N x N matrix F.

VI. DYNAMICS OF POLES IN THE HIGHER TIMES
Our basic tool is Eq. (2.18). Substituting ¥, ¥ in the form (3.11) and (3.12) and E(l) in the form (3.9), we have

1
— dzszaf‘cch.*"be(x—xi,)tv)@(x—xj,—)tv)
ij

; i
2mi JCoo 6.1)
= 3 On il Vo (x = 30) + 3 0n (a7 T = )
i i
(no summation over v here). Equating the coefficients in front of the second order poles at x = x;, we get the relation
O, xi = res(2"¢;7c}) = res(2"c*Eic”), (6.2)
where E; is the diagonal N x N matrix with matrix elements (E;); = ;0 (again, no summation over v). Summing over i, we get
O, in = res(zmc*vcv). (6.3)
i oo
Comparing with Eq. (3.16), we conclude that
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et = vzt + 32, S xi = ~Ai(2) (6.4)
m>2 i
(no summation over «). Substituting E; = —=0p,L in (6.2) and using (4.1), (4.2), and (6.4), we have:

i

Oy, xi = Zris(zmc”Eicv) = —Zris(z'”c*vap.L()tv)cv)
- _Zris(zmap,,(c”L(Av)c”)) + Zr;s(z’”(ap,c”)L(Av)cv) + Zris(z’”c”L()Lv)apicv)
= =2 res(2"8y, (cL(W)C")) + Yores(2" (8, )kuC”) + Y ores(2"C kO ")
S res(0, (€he')) + Sres(7Ki (7))

=Y res(2"A1(2) Oy k).
Regarding z as an independent variable, we apply the same argument as in Ref. 12 to obtain

O, Xi = —Zres(zmap,/lv(z)). (6.5)

In this way, we obtain the first half of the higher Hamiltonian equations for poles

OHp
O, %i = ——» 6.6
i = o (6.6)
with the Hamiltonian
Hpy =Y res(z"1a(2)). (6.7)
a=1 o

The second half of the Hamiltonian equations for poles can be obtained by taking the f,-derivative of (6.2) and using (4.1) and (4.2). In
this way, we obtain

O, ki = res(2"c™[Ei, M(My)]C"). (6.8)
A straightforward verification shows that
[Ei, M(A)] = 20,,L(M). (6.9)
Recalling also that x; = 2p;, we rewrite (6.8) as
O, pi =res(2"c™ O, L(A)C") (6.10)
(no summation over v). With relation (6.10) at hand, one can repeat the chain of equalities after Eq. (6.4) with the change Jp, — O, to
obtain
O, pi = Y res(2" 0 M(2)) (6.11)
so that
OH,,
O pi = — 6.12
(9 o (6.12)

with the same Hamiltonian (6.7).
Let us make some comments on a more general case when the tau-function for elliptic solutions has a slightly more general form
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N
(x,t) = 2 [To(x—xi(t)), (6.13)

i=1

where
Q(x,t) = c(x+11)* + (x+ t1) Y ajty + b(ta 13, (6.14)
=2

with some constants ¢, a; and a function b(t2,t3,...). Repeating the arguments leading to (6.5), one can see that now the first equation in
(3.14) will be modified as

kg =z —a(z) + {(Ap), a(z) =2cz " + Z& Z7. (6.15)
=2
Instead of (6.5), we will have
On,xi = =y res(2"pM(2) (1 - & (2))), (6.16)

so the Hamiltonian for the m-th flow will be a linear combination of H,, and H; with 1 <j < m.

VIil. DYNAMICS OF SPIN VARIABLES IN THE HIGHER TIMES

The Hamiltonian dynamics of spin variables in the higher times can be derived by analysis of first order poles in (6.1). Equating
coefficients in front of first order poles, we get the relation

JEI JEI

8tvym(a§xb?) = rgs(zm a?c,‘-’cf"bfd)(xi—xj, -A) + szafc;cfvbfd)(xi—xj,lv)),
which can be rewritten as

al |:8,v)m v+ res(zmc,‘-'ch”bjﬁG)(xj—x,-, Av))]

JEi

+bf|:8[‘,yma? - ris(zmcvac}'afG)(x,-—xj,/h,))] =0.

JEi

Now, we note that
OLj(A) N
({;aa = -0y (1- 6jk)b]- (D(x]' —xiA),

ar (7.1)
L) _ ~8;(1 - 6jk)af®(xi ~ %o A),

o]
so the equation mentioned above can be written as
OL(A OL(A
aff Btvmbl.3 - res chw(iv) || +¢ Oy, a5 + res sz”M c’||=o0. (7.2)
m i 0o 8&? i » oo 8b;x

Having this equation at hand, one can repeat the chain of equalities after Eq. (6.4) with the changes 9,, - 9/ Baf; , Op; > 0/0b] to obtain

aPl - b Qf =0, (7.3)
where
0 OH,
—_ mi e — 77”
Pf = &mbf + szr;s(z aaf; Av(z)) = &mbf 8af R (7.4)
Qi = 0y,ai + Zv:ris(zm% )Lv(z)) =0,ai - %IZ? (7.5)
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It follows from (7.3) that

Q P N
a% bf !

1

>

and Egs. (7.4) and (7.5) acquire the form

OH
By, af = af A = 7.6
i = ai A+ a6 (7.6)
B b = tfA™ — —aHZ‘. (7.7)
oa;

1

(

The gauge transformation a? — afq™, b% — b%*(q™)™" with ¢ = exp(ft’”A,.(m)dt) eliminates the terms with A", so we can put

A,.(m) = 0. We obtain the Hamiltonian equations of motion for spin variables in the higher times,

OH,,
bz

OH,,
Oa®’

1

o o
O,a; = O, bi = -

(7.8)
with H,, given by (6.7).
VIIl. HOW TO OBTAIN THE FIRST TWO HAMILTONIANS

In order to find the Hamiltonians, we need to expand the spectral curve near A = 0. Using expansion (3.8), we represent the equation of
the spectral curve as

det(zI + A"+ Q+ S+ O(\?)) =0, (8.1)
where the matrices Q, S are
Qi = pidij + (1 - 8;) Fii{ (xi — x7), (8.2)
Sij = % (1= 85) F(* (xi = x7) = (xi = 7)) (8.3)
We set
z= ,% (8.4)
and then, Eq. (8.1) acquires the form
det(wl - F- QL - S\ + O(1*)) = 0. (8.5)
This equation has # roots w, such that
wa = wa(A) = va + 091 + V22 + 0(1%) (8.6)

and N — n roots, which are O(A). These roots are eigenvalues of the matrix F + QA + SA* + O(A?). Expressing A through z from Eq. (8.4) and
expanding in powers of z~!, we have

A= - 22 4 Va2 = (l® +ve(0!)D)z 7 + 0(z 7). (8.7)
z
Then,
H, = —Zvawga),
* (8.8)
H, = Z(viwga) + va(w$a))2).
o
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We regard the matrix Q) + SA* as a small variation of the matrix F. The idea is to find the variation of the eigenvalues [the corrections

wga))t + wga)/lz in (8.6)] using first two orders of the perturbation theory.

Let ¢ be a basis in the N-dimensional space and {/) be the dual basis such that () y?)) = 0 at i # j. We take first n vectors to be

y bl P =a

and then,
GOy ®)y = Zaf‘bf =valop, @ P=1,...,1

These vectors are eigenvectors of the (non-perturbed) matrix F with nonzero eigenvalues,

Fy@ —yy @, GOy @

The other N — n vectors are chosen to be orthonormal,

(ﬂ/(i)ll/(j)) = 81j: ij=n+1,...,N.

In the first order of the perturbation theory, we have

0@ _ 1)
VT @y@)

(*) is obtained in the second order of the perturbation theory as

The next coefficient, w,
S0 O ) 0oy
T G@y@) T A GOY@) GO YD) (ve - v)

In the denominator of the last term, v; = vpatj= B.B=1,....,n,andv;=0atj=n+1,...,N.
Using these formulas, we have

thxw(a) Z(v/(a)Qw(a)) S > Qb = ZFJ’QZJ = tr (FQ),

a iy

@ Qu®) (5B Qu®
Z(viwg“’wa(wf“))z):Zv“(w Q7)) | Zz(w(a)QWU))(WU)QW(a))

« azp Vﬁ(vix - vﬂ) j=n+l «

v FOQ )+ D sy)

=2l UMy« > 2y + R8O sy')

j=n+l «a

= Z(Zﬁla?b? + Z ") (r))Qu FQu + ZW: Sijb;

ijkl r=n+1
However,
-1 « (r) (r)
Zva a; bl Z V/, 1
a r=n+1

(the completeness relation), and so, finally, we obtain

Z(viwé“) + va(wla)) ) = tr (QFQ) + tr (FSF).

24

From (8.12), we obtain

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)
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H; = —tr (FQ) = —ZpiFii — ZF,']'F]*,'((X,' - x]‘) = —Zpi, (8.14)

i#j i

which is indeed the first Hamiltonian. The calculation of (8.13) is more involved. We have, after some cancellations,

tr (QFQ) = Y pi + Y03 FiFFud (xi = x)¢ (i — 1),

i ki j#i

tr (FSF) = %;ZFHFUFJI(ZZ(M - %) — p(xi — x)).

i#j
Therefore,
Hy = Y pi = Y FiFip(xi = %) + F, (8.15)
i i#j
where
1
F= Z’ Fiijka,-((xi - xj)((xk - x,-) + EZ’ F,-ijkai((Z(x,- - Xj) - p(x,— - x])) =0. (8.16)

Here, ¥’ means summation over all distinct indices ijk. The proof of identity (8.16) is given in the Appendix. To conclude, we have reproduced
the correct Hamiltonians H; and H» within our approach.

IX. RATIONAL AND TRIGONOMETRIC LIMITS

In the rational limit w, @’ — 00, (1) = A, ®(x,A) = (x "} +171)e ™™, and the equation of the spectral curve becomes

det(zl = Lt +A7'F) = 0, (9.1)

where

v
b-a]-

Xi ij

v
1

(Lrat)ij = =8ipi — (1 = &) (9.2)

is the Lax matrix of the spin generalization of the rational Calogero-Moser model. Let us rewrite the equation of the spectral curve in the
form

det(/U +F ! ) =0. 9.3)
zl — Lyat

Expanding the determinant, we have

WS D)7 =0,  Di(z) =tr (F
j=1

> 9.4
Zl — Lyat ) 04)

where we took into account that the rank of F is equal to n < N. Let us note that the functions A,(z) are different nonzero roots of Eq. (9.4)
and the sum of these roots is equal to —D; (z). Therefore, we can write

1
Hy ==Y 00(2"M(2)) = éeé(z’”tr (F )) = tr(FLfy). (9.5)
v zl — Lyat
It is straightforward to check the commutation relation

[X,Lat] =F -1, X = diag (x1,...,xN)- (9.6)
Substituting it into (9.5), we see that
Hy = tl‘L:Zt. 9.7)

This is the result of Ref. 19 obtained there by another method.
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We now pass to the trigonometric limit. We choose the period of the trigonometric (or hyperbolic) functions to be 7i/y, where y is some
complex constant (real for hyperbolic functions and purely imaginary for trigonometric functions). The second period tends to infinity. The

Weierstrass functions in this limit become

1 —lg22 1
o(x) =y 'e s V¥ sinh(yx), {(x) =y coth(yx) - 3 yx.
The tau-function for trigonometric solutions is*

(eZyx _ eZyxi ),

o

I
—_

so we should consider

ok Pl ey een)

—-

I
—

7=[]o(x-x)

1

Similarly to the KP case,'” Eq. (3.14) with this choice acquires the form

kg = z + y coth(yAg).

The trigonometric limit of the function ®(x,1) is
@(x,1) = p(coth(yx) + coth(yr))e ™ coth ()
For further calculations, it is convenient to pass to the variables

29X,
w; = e

(9.8)

9.9)

(9.10)

(9.11)

and introduce the diagonal matrix W = diag (w1, w2, ..., wn). In this notation, the equation of the spectral curve acquires the form

det( W2 (aI - (Lurig - )/I))Wfl/2 + y(coth(yA) — l)F) =0,
where Lyig is the Lax matrix of the spin Calogero-Moser model with matrix elements

1/2
w;

(1 - 8)yFi

Yw;
(Ltrig)ij = _Pifsij S _Piéij - 2(1 - 61”)?11)]

sinh(y(xi - %))

Some simple transformations allow one to bring the equation of the spectral curve to the form

_ 1
det(wI+ 29W 1/ZFWI/2 7) =0, w=e
zI—(Luig — yI)

Expanding the determinant, we have

n .
o™ + Y Ki(z)w" 7 =0,
=1

where we took into account that the rank of F is equal to #n < N. In particular,

1
Ki=trY, K= E(trzlf—tr Y?),

where Y is the matrix

1/2

9.12)

(9.13)

(9.14)

(9.15)
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1

Y=2yW VPEWYV:  ~
v 2~ (Luig — 1)

The coefficients K; are expressed through the elementary symmetric polynomials e; = ej(wl,. .., wy) of nonzero roots w, = w,(z) of this
equation as Kj = (-1Yej(wi, . . ., ws). Therefore,

ZM(Z) = ziyZlog(l +w(z)) = %ylogn(l +wy(2))

- ;ylog(i ej(wl,...,wn)) _ zlyl"g(g(; (—1)119),

j=0

From this, we conclude that

1 —1/2 51 /1/2 1
W(2) = — 1 -2 W’ ——— | 1
Z}A (2) 2 og det[ YW W (Lo = yl)] (9.16)

Starting from this point, one can literally repeat the corresponding calculation from Ref. 12 with the change in the rank 1 matrix E to the rank
n matrix F and using the easily proved relation

Luigy W] = 2p(W'2EWY? - W), (9.17)
g Y
The result is

>Sh(z) = % tr(log(I - 27" (Luig + yI)) — log(I = 27" (Luig — ¥1)))

1 zm (9.18)
=t T (Luig + YD ~ (L~ yD)"
Zytrmzzjlm((tg*)’) (Lurig Y))
and
1 m+1 m—1
m= tr( (L 1 — (Lig — yI s 9.19
2y(m+1) r((tg+Y) (tg y) ) ( )

which agrees with the result of Ref. 20.
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APPENDIX: PROOF OF IDENTITY (8.16)

Here, we prove identity (8.16) F = 0, where
1
F = 3 FyFyiad (5 = x) (o = ) + 2 37 FyFeFua(8 (3 = 57) = 9 (31 = %)),
and ¥ means summation over all distinct indices ijk. Using the behavior of the {-function under shifts by periods

{(x+2w) = {(x) + 21, {(x+20") =(x) +27,

one can see that F is a double-periodic function of any of x;. Consider, for example, the shift of x; by 2w. The terms in F(x; + 2w) — F(x1)
proportional to 112 are

1 1
-(2n)* Y FijFyFu + > (2n)*Y FijFjeFu + > (21)*Y FucFiiFan = 0.
jEk#1 jEk#1 ikl
The terms proportional to # are
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=20 FyjFyFa{(x1 = x¢) = 21y FiiFFa {(x1 - x))

JEk#L jEk#1

+2712 FlelkajC(xj - xk) + 2712 Flelkaj((xk - x]-)

JEk*1 JEk#1

+2}72 Flelijk((xl - xj) + 2172 Flelkaj((xl - xj) =0.

jEk#1 jEk#1

Therefore, we see that F(x1 + 2w) = F(x1). The double-periodicity in all other arguments is established in the same way.
Next, the function F as a function of x; may have poles only at the points x;, i = 2,...,N. The second order poles cancel identically in
the obvious way. We find the residue at the simple pole at x; = x; as follows:

- Z FioForFia ((x1 — x¢) — Z FijFpFa((x1 — %)
k+1,2 Jj*1,2

+ Z F21F1kaZC(x1 - xk) + Z FZjP:leIZC(xl - xj) =0.
k+1,2 Jj*1,2

Vanishing of the residues in all other points and for all other variables can be proved in the same way. We see that the function F is a
regular elliptic function, and therefore, it must be a constant. To find this constant, we set x; = je and tend ¢ to 0. Thanks to the fact that
{(x) =x7"+0(x*), p(x) = x2 + O(x*) as x — 0, we find that

Ft] Jkaz

= o ey o)

Making the cyclic changes in the summation variables (ijk) — (jki) and (ijk) — (kij), we have

1 1
ZZ F; ,ka,(( Nk=1) G- k-DG-k)

) L 0()

ol Gk (k-i) + (i) 2~ o
= 30 2 P G-G-Rk—p o) =0

Therefore, we conclude that F = 0 and the identity (8.16) is proved.
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